Module 1 sigma-algebra 5 measure

1.1 o-algebra [Fol 1.2]

F AT (W, my Math 395 notes) &4 0FBH: 7E R _FATEE—> measure function i : P(R) — [0, oo] satisfying:
1. u(®) =0;
2. translate invariant
3. countably additivite
PRI, X Hean R 3 A I ke R AR T LR &1y measure function AR A, FRATEE X—4> A C
P(X), H5FRATRELE X power set 1t T4 [, & X —> make sense [/ measure.

B AT T—MERRES X #RETEH g X measure, FATTEH AL X 1) —MH-ArEH 745 L
A A B SGX AR measure.
XFF set X, S CP(X) #iFrh X FRy— o-algebra, if FHiH 2:
1. 0 e X;
2. closed under complement: if £ € Sthen X \ F € S;
3. closed under countable union: if £, F»,--- € S then Ugozl E.eS.
TR = 4 2, T2 2 JE closed under finite union, R S J& X Ff—> algebra. 244X,
o-algebra S [t algebra J™4% B8 5k [ 24 &

FANTENL X H—ATHEHEN— o-algebra {1 A& 2543 closed under complement and countable
union. {HiXFHAJE o-algebra &P, X ="M HiA 25 T o-algebra t—F @17 X, H closed
under set difference, symmetric difference A )7 countable intersection.
31 algebra, EFHLL LRI B 4 EAY finite version.
Let .S be a o-algebra on set X.
Claim:
1. XeS
Proof Directly from def.
2. D,EeS = DUE,DNE,D\E€S
Proof union: from def by leaving others as ();
intersection:
(DNE)Y=DYUE“eS

setminus:
D\E=DnN(X\E)eS

3. D,EeS = DASeS




1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

Proof
DAE = (D\ E)| J(E\ D)

4. A1,As,---€S = N2, 4 €S
Proof - -
(°=UEes
n=1 n=1

Q

Remark FA1 &I o-algerbra 215 /& topology. 5L I+ o-algerbra £l topology HJ X 53l f&: o-algebra H
It T closed under countable union T topology closed under any union; topology H /%I closed under finite

intersection [fij o-algebra closed under countable intersection.

Lemma 1.1 ({£& o-algebra f} intersection {52 o-algebra)

Let {Sa}aca be a collection of o-algebra on X, then [ . 4 Sa is a o-algebra on X.

Proof X&) trivial proof. {H & HA —E HfE Lk

FATRT o-algebra A —AEOHRAR: ARFA I — L SMUL—A> o-algebra, HE 2 e FATHEE AR
FMEIIEIX A o-algebra HL, HRFATHEX LEEE A1 up to countable (4T =41 A 1) S IX A o-
algebra Hl.

PR BB R AT 14— 2% o-algebra 45 intersect 2%, HAp RN E G HAMERLX B 4EA T up to ctbl FTE 4
A I EEWBAEX A intersection L.

OB BN EUERAR. AR, R ZHE — A sigma-algebra BL—P 4 245, HARFFEIRZ
—/|> sigma-algebra, HRAFANIFEXLAEGEME, PASAERS ctbly union WX L4 A/ NMEA LT,
TR Ik B8/ NE A, recursively HEFTIX AN A

Corollary 1.1 (unique smallest o-algebra containing a collection of subsets)

Givene C P(X)
<e>i= ﬂ S
eCSCP(X),S is o -algebra on X v
Def 1.2 (o-algebra generated by a subset)
We call
<g>i= ﬂ S
eCSCP(X),S is o -algebraon X
the o-algebra generated by ¢ &

1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

Recall: the o-algebra generated by
<eg>i= ﬂ S
eCSCP(X),S is o -algebra on X
is the smallsest o-algebra containing €.



1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

Example 1.1
<{E}>={0,E,E°, X} (1.1

Lemma 1.2 (inclusion properties of generated o-algebra)
1. if € C A where A is a o-algebra, then < £ >C A.
2.ifE C F,then< & >C< F >.
3.IfECK F >, then < & >C< F >,

@
Proof trivial.
Def 1.3 (Borel o-algebra defined on a topological space)
For topological space (X, T ), we define:

Borel o-algebra on a topological space 3 /2 o-algebra generated by the topology. Its members are called Borel
sets. 244K, FIFA 1Y open sets Fll closed sets #B42 Borel sets.

1.2.1 generating Borel o-algebra on R

Example 1.2 Let £1: R A 1) open intervals;
&y R _FFFA T closed intervals;

&s: R AW ZE 4 ] intervals;

&4 R B/ AT intervals;

&: R _FFTAMZEF A TCH intervals;

E6: R A WZE A JL T intervals;

& R _ERTAWZETC A AT intervals;

Es: R _ERTA R TG A A A intervals;

Uizt s & BT R _ERIFTA LAY interals.

FEPAL Eyi=1,--- 8 AR DA generate Bg o

Proof F&A] recall: 5 1) countable DA £ second countable [{] topological space #JH.7 Lindelof property:
{7 open covering #BLEFE—] countable ¥ subcovering.

Lindelof property [#)— 852, 7F EL A Lindelof property [/ metric space B3 second countable [/ space
H, 2 open set #B 1] VA il countable “f~ open balls [ union.

FEATTHE elementary f) real analysis 1 22 22241, [a,b) = Np>1(a — 1/n,b), PAHAE M FIF-, X LE intervals fjf
I [AJER T DA B A 4.




1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

1.2.2 measure

Def 1.4 (measurable space and measure space)

Let X be a set, M be a g-algebra on X.

A measure on (X, A) is a function p : M — [0, co) satisfying:
L.ou(® =0
2. countable additive:

M(U Ez) = Z M(Ez)

for disjoint seq of E; € M.
WEARXAER 1 AFAE, FATWFR (X, M) —4> measurable space, }#{ (X, M, ) —4> measure
space. &

Remark —> probability space Jif /& —~ measure space, satisfying u(X) = 1.
Example 1.3
L XHERERY (X, M), TATATARE X
1(A) == #A (€ ZzoU{o0})
X~ measure MY{i{ counting measure.

2. Fix x¢g € M, 7] DA define
1,ifzge A

0,ifzg & A

w(A) =6, =

X4~ measure NY{# the Dirac measure at x.
34— X FIRREL f 2 X — [0, 00), FATAT DAL XA R KR & X
p(A):=>" f(=)

z€EA
T A B A T PR ESELR R AA a B HLSU 4R 1 measure, i I — NE A T SR B4R mea-
sure FHANFS FX N EATEX A BRECH 1Y measure. (G i FATE LHE, WER—DREAE—MER
L AIESEZ uncountable ), AR A iX A ARSI EE — 7 /2 oo.)
PAF 42 measure function Hy B2 LA MET (40 0 DA ctbl additivity) $E5: 1) — 2B B AP 5

Lemma 1.4 (measure is finitely additive)

Measure is finitely additive. v

Proof 24X, ctbl additive implies finite additive.
Remark KA A BT, X 1EFRATAEE: Jordan measure £l Lebesgue measure.

AABeM =
#(A) + u(B) = (AN B) + (AU B) .




1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

Proof
AUB=(A\B)U(ANnB)U(B\A)

Ji i ] finite additive R]45. X A& direct corollary of countable additivity.

[}
Corollary 1.2

A BeE M;AC B, u(A) < 0o =
uw(B\ A) = u(B) — u(A)

Theorem 1.2 (properties of measure)

%t F{F4i] measure space (X, M, p):
1. monotonicity: A C Be M = pu(A) < u(B)
Proof trivial.

2. countable subadditivity:

| A

3. continuous from above: Y15 A; C AHNZ >2 =

UA = lim u(A4;)
1—00
=1
Proof {fi[f] same trick as 2.

4. countinuous from below: {I5 A, D AHNZ' HAEHA 7 15 n(A;) < oo, N

ﬂA = lim u(A,)

n—oo

UEFAJ'\(DAZ-)

iﬁﬁ!ﬁ‘ oo (o @]
M(U E;) = p(4;) — M(ﬂ Ai)
i=j i=j
#EIT by (3)
M(ﬂ A;) = ﬂ A;) — lim u(E;) = p(4;) — lim (u(45) — p(4)) = lim 4;

1—>00 1—00 1—00

Proof By setting B; = A; \ U’ L 1 Aj, T i ctbl disjoint additivity 5 monotonicity T 15

Proof HITHHEBTCHL, Eiﬂﬁﬁ#’l\ measure < oo [FEEF, & ] B H BIAE A 5 17 intersection HE
K KES. ?iaﬂ] Fix XA~ A;. i@t H i #MER 20, 8225 9F, M (3) f5HIE. Define:

Recall: the o-algebra generated by

<e>i= ﬂ S

eCSCP(X),S is o -algebra on X
is the smallsest o-algebra containing €.



1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

Example 1.4
<{E}>={0,E,E°, X} (1.2)

Lemma 1.6 (inclusion properties of generated o-algebra)
1. if € C A where A is a o-algebra, then < £ >C A.
2.ifE C F,then< & >C< F >.
3.IfECK F >, then < & >C< F >,

@
Proof trivial.
Def 1.5 (Borel o-algebra defined on a topological space)
For topological space (X, T ), we define:

Borel o-algebra on a topological space 3 /2 o-algebra generated by the topology. Its members are called Borel
sets. 244K, FIFA 1Y open sets Fll closed sets #B42 Borel sets.

1.2.3 generating Borel o-algebra on R

Example 1.5 Let £1: R A 1Y) open intervals;
&y R _FFFA T closed intervals;

&s: R AW ZE 4 ] intervals;

&4 R B/ AT intervals;

&: R _FFTAMZEF A TCH intervals;

E6: R A WZE A JL T intervals;

& R _ERTAWZETC A AT intervals;

Es: R _ERTA R TG A A A intervals;

Uizt s & BT R _ERIFTA LAY interals.

FEPAL Eyi=1,--- 8 AR DA generate Bg o

Proof F&A] recall: 5 1) countable DA £ second countable [{] topological space #JH.7 Lindelof property:
{7 open covering #BLEFE—] countable ¥ subcovering.

Lindelof property [#)— 852, 7F EL A Lindelof property [/ metric space B3 second countable [/ space
H, 2 open set #B 1] VA il countable “f~ open balls [ union.

FEATTHE elementary f) real analysis 1 22 22241, [a,b) = Np>1(a — 1/n,b), PAHAE M FIF-, X LE intervals fjf
I [AJER T DA B A 4.




1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

1.2.4 measure

Def 1.6 (measurable space and measure space)

Let X be a set, M be a g-algebra on X.

A measure on (X, A) is a function p : M — [0, co) satisfying:
L.ou(® =0
2. countable additive:

M(U Ez) = Z M(Ez)

for disjoint seq of E; € M.
WEARXAER 1 AFAE, FATWFR (X, M) —4> measurable space, }#{ (X, M, ) —4> measure
space. &

Remark —> probability space Jif /& —~ measure space, satisfying u(X) = 1.
Example 1.6
L XHERERY (X, M), TATATARE X
1(A) == #A (€ ZzoU{o0})
X~ measure MY{i{ counting measure.

2. Fix x¢g € M, 7] DA define
1,ifzge A

0,ifzg & A

w(A) =6, =

X4~ measure NY{# the Dirac measure at x.
34— X FIRREL f 2 X — [0, 00), FATAT DAL XA R KR & X
p(A):=>" f(=)

z€EA
T A B A T PR ESELR R AA a B HLSU 4R 1 measure, i I — NE A T SR B4R mea-
sure FHANFS FX N EATEX A BRECH 1Y measure. (G i FATE LHE, WER—DREAE—MER
L AIESEZ uncountable ), AR A iX A ARSI EE — 7 /2 oo.)
PAF 42 measure function Hy B2 LA MET (40 0 DA ctbl additivity) $E5: 1) — 2B B AP 5

Lemma 1.8 (measure is finitely additive)

Measure is finitely additive. v

Proof 24X, ctbl additive implies finite additive.
Remark KA A BT, X 1EFRATAEE: Jordan measure £l Lebesgue measure.

AABeM =
#(A) + u(B) = (AN B) + (AU B) .




1.2 Borel o-algebra on R and measure [Fol 1.2, finished; 1.3]

Proof
AUB=(A\B)U(ANnB)U(B\A)

Ji i ] finite additive R]45. X A& direct corollary of countable additivity.

1}
Corollary 1.3

A BeE M;AC B, u(A) < 0o =
uw(B\ A) = u(B) — u(A)

Theorem 1.3 (properties of measure)

XF T/ measure space (X, M, p):
1. monotonicity: A C Be M = pu(A) < u(B)
Proof trivial.

2. countable subadditivity:

| A

3. continuous from above: Y15 A; C AHNZ >2 =

UA = lim u(A4;)
1—00
=1
Proof {fi[f] same trick as 2.

4. countinuous from below: {I5 A, D Ai+1Vi HAEHA 7 15 n(A;) < oo, N

ﬂA = lim u(A,)

n—oo

UEFAJ'\(DAZ-)

iﬁﬁlﬁ oo (o @]
M(U E;) = p(4;) — M(ﬂ Ai)
i=j i=j
HEI by (3)
#(ﬂ A;) = ﬂ A;) — lim u(E;) = p(4;) — lim (u(45) — p(4)) = lim 4;

1—>00 1—00 1—00

Proof By setting B; = A; \ U’ L 1 Aj, T i ctbl disjoint additivity 5 monotonicity T 15

Proof Wi IIERTCH, E@J’;‘ﬁ#ﬁ\ measure < oo [EEE, J& 1] B H PIYE ¢ J5 Y intersection HL
P RES. a"ﬂl] Fix XA~ A;. il Ml #MER 720, 8225 Rk If, AT (3) f5HIE. Define:
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