Module 2 outer measure 5 completion of a measurable space

2.1 complete measure space and outer measure [Fol 1.3, finished; 1.4]

Def 2.1 (nul set, subnull set, almost everywhere)

X} measure space (X, M, 1)
1. AR A € M H—A> null set, TH: u(A) = 0;
2. FAIFR B € M j—> subnull set, NI AFFEHRA™ null set A containing it.
3. FAIFR—> statement about X J2 almost everywhere (a.e.) i}, fII5£iX )~ statement [ T £ %"

A null set B2 4, 78 X _FALAE G &

Def 2.2 (complete measure space)

FATFR (X, M, ) 5&—> complete measure space, U1 T H 14T subnull set (& null set. (EI'E

measurable) &

Remark FATHIIE, HH measure ) monotonicity, subnull set [\ measure, {1 RAFLE, —E 2 < BIIER
null set 11, Bl—7& = 0. flfPA complete measure space [#) 3% R A2 iX > measure space H., {1: & null set

WA 4 2 measurable 11, B Fr A 208/ NIEE S HAEIX A o-algebra HL.

Example 2.1 —~* not complete [1{) measure space {41
X ={1,2}, M=0,X,u¥)=0.
XA, {1}, {2} XN E A A2 measurable 1), (FU2 A2 nullset (£248) BF4E.

Theorem 2.1 (every measure space can be completed)

Suppose (X, M, p) is a measure space.
Let

N := {all null sets in M}

Claim:
M:={EUF|E € M,F C N forsome N € N}

is a o-algebra, 37 HAE M _[-f£fE— unique [} extension 7z of . v

Proof  3X—#84M) proof DA} remark 7£ hw2. X H, M #7>} completion of M with respect to 1, DL K i
%k completion of /.



2.2 p*-measurability and Carathéodory’s Theorem [Fol 1.4]

2.1.1 outer measure

Def 2.3 (outer measure)

An outer measure on X is a function p* : P(X) — [0, c0) such that
1. w(@)=0
2. monotone (A C B = p*(A) < pu*(B))
3. countable subadditive (u*(U;2; Ei) < > ooy p*(Ei))

Remark FRA7%F H measure F1 outer measure (1 5€ X.: measure 12544 I outer measure 3R¥E:

1. measure 5 & XIE— N E#5 11 o-algebra ¥, I outer measure N2 & X AEEAN A LK.

2. measure 223K disjoint countable additivity, outer measure AN ZE3R
TEX A48T, FeITHL%E outer measure H. 5 monotonicity £l countable subadditivity. ¥4 & : mea-
sure AN B4 XM, iX J2 measure [1f) countable additivity LS.
outer measure [/ & AE T, A1) measure HE LAF o-algebra I, MR E AN THEEHIK T — i
ALLT 0 B2 T AR V.

2.1.2 induce outer measure out of a ’elementary length function”

Theorem 2.2 (construct outer measure out of an ’elementary length function” )

73 € CP(X) A—ME o, X S, HEL p: € — [0, OO)%ﬂ/\?"P%EP( ) = 0 FrRR %L,

mf{Zp )| Es eSforeachlandACUE}
i=1

is an outer measure. Q

Proof
L WA By = 2, 153 p*(2) =0
2. monotonicity W24, MR A C B, 824 A B inf ()X MEARMET B 1, FIHRERY inf 2
INTEET.
3. JIEAH ctbl subadditivity, F{/1{di F] 2811 /27 argument. j;/|\ statement B MR 42 AR 1Y, AR —
/™ seq of sets, £F—~H AR —> seq of covering, BEA XA seq of seq of covering F {4 & iX
A~ seq union ffj—4> covering. NS IKATABEX AU, PIIEHEA —A inf A7, FrAFRAT]
A e > 0, MFEA A; 1 covering (Ej k) ken, 12 Dop p(Bik) < p*(4:) + €/2%, B Jaal PAGE]
iU A9 < 50,0 (A0). T e abitrary, T
Example 2.2 F2{ 7 € A R _FATA ) intervals, 78X p 2 interval [¥] length, 3531 7 —ANFMNEE. (Hupt 2

Lebesgue outer measure)



2.2 p*-measurability and Carathéodory’s Theorem [Fol 1.4]

2.2 pu*-measurability and Carathéodory’s Theorem [Fol 1.4]

2.2.1 p*-measurable

Def 2.4 (1."-measurable)

Given outer measure p*, F{JHr A C X J& p*-measurable 7, if:

W (E) = p*(EN A) + u* (B0 A% .

countable subadditivity Zg & {5 B TR — S divide JJLES), H outer measure
HFIHE increase. | p*-measurable [ & 2 AL —NHAMES, 2 EINA E HEAKI E BT
2 )5, H measure A K.
Note: by subaddivity, must have .*(E) < p*(ENA)+p*(ENA°), i p*-measurable [FJ4E &, WA equality
Sl AL
[l IR IXAMT X T complement i& X FRAY.

outer measure & X} T34~ power set H4;—NESHEIK T HY, FH H IR ctbl subadditivity 4%
55T countable additivity. Ff] H SRAHF]: ZEH —1 power set 1 T4, HOAN U JE—> o-algebra, 3f HH
b3 /& countable additivity? g15RAFFE, ARAFATHEA outer measure induce H} T measure.
FAN_F 2 B I B 75 1) length function 3% induce outer measure [ 732, FA T AT DA Nl 17 length

function — outer measre — measure. (eg: M box length induce H} Legesgue outer measure, f- induce H

Lebesgue measure).

T SE PR _Eak AR 2 IR A ). B ™ VSR FR HI7Er A 1 -measurable sets |, 5LJE K T o-algebra, Jf

H H restriction J&—]> measure, £ & —{> complete measure.

2.2.2 Carathéodory’s Theorem

FAE & Y outer measure p*,
M := {all p*-measurable sets}

is a o-algebra.

I H., p*|r is a complete measure.

FATE SCUEH XA M J&—4> o-algebra
1. @ € M by def.
2. M closed under complement, by def of *-measurablity. (‘& X} complement J& X} FR ).
3. SMiIERH M closed under countable union, F /] 4 prove it for two sets. % A, B € M, H. disjoint.
Let £ C X. F&A1EA

P (E) = p (ENA)+p (BN A 2.1)
HATWTS: " (E) = p*(EN(AUB)) + p*(EN (AU B)°)
AT EN A, EN A A DAS3:
p(ENA) =p(ENANDB)+p* (ENANB°) (2.2)



2.2 p*-measurability and Carathéodory’s Theorem [Fol 1.4]

1 (ENA®) = p*(EN AN B) + p*(EN A° N B°) 2.3)

By AUB = (A\ B)U(ANB)U(B\ A), 0] pL{5:

p(EN(AUB)) > p*(ENANB) + " (EN AN B) + p*(EN AN B) (2.4)
4 PA_EPUAS equations 7] PATSF|
p(E) = p (EN(AUB)) +p*(EN (AU B9)) (2.5)

W < by countable subadditivity {57, Ff115E closed under two union (M 7] inductively closed under any
finite union, M Al &—> algebra).

(Note: X I 4 AH: IEHH 73X 4> statement for any union of two sets A& ERH 7B X} any union
HERLALIG? SENIARSR, R4 set union 1 A & R FFA 2 AT DAMKHMERL n JBSZHET 2% To95 T, PR
B TCT5 & — N ESEAFAER sequence, TIFATH AL n BLHES BRI 95 AL B2 LA E R
/N, A 2A infinite series sum [ 58 S pA2 limit, [f] set union 7% 4G limit. fff DA BN RENS BLIEISIE.)

(Continuing the proof:) FIAEFR A THEHEIX > closed under finite union )~ %] closed under countable union, PA
WE M 2 —> o-algebra. {7 STS (suffices to show): M closed under countable disjoint union.
HAETEAS disjoint [P EEAHER AT PAYF 231 = A disjoint [FI4E .

Fell14 (A1) H5— A Mty disjoint sequence, 34 X B, = U, Ar, Feli1H1 F— 945641, B, € M
for all n. Define B := |J;2; A;, Let E C X, WTS: u*(E) = p*(E N B) + p*(E N B°).

ZE W (ENB,) =p*(ENB,NA,) +p*(ENB,NAS) = p*(ENA,) + p*(ENBy_1), A4 inductively
A

“(E N By) Z“ (ENA4;) (2.6)

NUE i
pH(E) = 5" (EN By) + p*(ENBy) 2 Y p*(EN A) + p*(E N B°) 2.7)

=1

by monotonicity (u*(E N BE) > p*(E N B°)), iX B & —> infinite sum, 7{ H. true for every n, K1 o] A
J %] infinity, 132

WH(E) > 3 (ENA) + 4t (BNBY) > i (| J(ENA)) + i (ENBC) = " (ENB)+u*(ENBC) > " (E)
i=1 i=1
(2.8)

This finishes the proof of M being a o-algebra. T[]} & FH, 1*| v /&)~ complete measure on M &
—A™ trivial fact after the proof, [A°} taking B = E, 1] PA15-%|

=D (A (2.9)
=1
It H. by monotonicity, Xf L&) p*(A) = 0, fLI E C X, #H
p(E) <p(ENA)+p (ENAS) =p*(ENA°) < p*(E) (2.10)

ES N
W (B) = 1" (BN A) + (B0 A%



2.3 premeasure and Hahn-Kolmogrov extension Theorem [Fol 1.4, finished]

53] A € M. MR /& — complete measure.

IIERH Carathéodory’s Theorem [¥] punchline 7£F: F&{14 (A;) € M be a sequence, B, be its partial
union for n terms, 1 PAFS-3]

L (ENB,) =p (ENB,NA,) +p" (ENB,NA;) =p (ENA,) +p* (ENBy_1)
, A28 inductively R 7521
*(ENBy) Z“ ENA) (2.11)

XA statement X M J& o-algebra DA p*| o & measure BIEFHERR L. FATHFE outer measure 1 E
X, HFEW]T countable subadditivity, T #1757 2IEM] 1) 72 countable diskjoint additivity, 435 /& 75 241
AR — A

R BEFATTE ] ¥ -measurable [#5E X (Carathéodory condition) H1[¥J% 5, HMHHREIXANEX X FR: B
i disjoint set sequence _E inductively X§-Fg]—I5{# A Carathéodory condition, 5%l disjoint additivity.
(BEE B /& Carathéodory condition [ Bl A {IANH 2, {HA2 1 S48 —~ disjoint union H H1FH E, 3
T BRETE RN A, gtk iR, F/RA)4E disjoint measure sum 52 measure of disjoint union.)

2.3 premeasure and Hahn-Kolmogrov extension Theorem [Fol 1.4, finished]

AT AL TERE ER) length” AREA 2, F HAWAF & measure HE X, {EZIXASTERFE AT A li—
A~ o-algebra. H10:

Example 2.3 {all half-open, half-closed intervals} C R [+, DA interval ] length {F°k measure, R B IRFF &
measure function {9J5E X, {HJ& {all half-open, half-closed 1ntervals} C R HAZ—A o-algebra, [H AT 0]
PAiE 1 ctbl union H} open interval, H- AFEX S TEEFEH. Ak, iXj&— algebra.

A, FATTAEZ— 75K extend a ’measure” function on an algebra, to a measure on a o-algebra.

Def 2.5 (premeasure)

257 P(X) _EHy—> algebra Ag, FeAITHR po : Ao — [0, +00] A—> premeasure, if
L. po(2) =0

2. po ctbl disjoint additive in 4 &

premeasure Hfii& 5 X TF algebra instead of o-algebra 1) measure. 4K, i 4 F1 measure #H [A] 1)
75 2SI RH, premeasure 7E Ao 2 monotone | % ctbl subadditive f.

2.3.1 induce outer measure out of a premeasure: preserving ;;, on A,

Proposition 2.1

Any premeasure can induce an outer measure:

mf{Zuo )| As € Ay, E C UA} (2.12)

=1



2.3 premeasure and Hahn-Kolmogrov extension Theorem [Fol 1.4, finished]

3 H., we have:
W49 = Ho (2.13)

Jf H. every set in A is ;*-measurable. N

Proof iX“ outer measure [ construction directly follows from 2.2.

Proof that ;.* restricted to Ay is po: & E € Ao, Bt E C U2, Ai, FA11% B, :== EN (A4, )\ U?:_f Ay,
R covering intersecting E %% i, disjoint covering (By,), M po ) ctbl disjoint additivity ] 15, X —>
# covering [ measure sum »_ 7 po(B;) = po(E). 7 HHT Ao j&— algebra, X4 B, 7 Ay B,
MM E{# 2 monotonicty, then 1io(E) = 3272, po(Bi) < 3272, to(Ai)

Proof that every set in Ay is y*-measurable: Fix A € Ay, M THULZ F C X. Let e > 0, by def of
the outer measure, fF7E—1> seq {B;}2, C Ao, i1 E C U2, Bi 7 H > 72, po(Bi) < p*(E) + e
A disjoint additivity of po 15, S0 po(Bi) = S50, po(Bi N A) + >5°, uo(B; N A°). Ml p*(E) >
p(ENA)+ p*(EN A, B4E. (LB X2 trivial argument, 3@ 3 € argument 5 4% HH.)

Remark jX— simple proposition & 4&, 1o induce H} ) outer measure 1& Ay |- presearve 1o HJ measure

5 measurability.

2.3.2 Hahn-Kolmogrov Theorem

Def 2.6 (o-finite measure)

Let (X, M, 1) be a measure space.
W w(X) < oo, MIFR w J2 finite AY.

WRAFHE—A> sequence (E;) in M it |, E; = X - HEA p(E;) < oo, MFR p /2 o-finite f. &

Remark —A™ finite measure i M J1 ) BTA 54 1) measure #f finite.

Theorem 2.4 (Hahn-Kolmogrov Theorem)

25 7% —> premeasure g on algebra M of X, PA Mz H induced outer measure p*, F {14

M =< Mgy >

2%/ o-algebra generated by the algebra M.
H 2
p=pm

then we have:
1. (X, Mo, po) extends to (X, M, p)
R g1l = 1o
2. p|aq 72 the largest extension of 1o to M (B[l X} FAL 2 HABK) M ] measure v that extends
o to M, EH v(E) < p(FE) for all E € M);
H H.if po is o-finite, N 1 /& the unique extension of 1 to M. 0

Proof Proof of (X, Ay, 110) extends to (X, M, 11):



2.3 premeasure and Hahn-Kolmogrov extension Theorem [Fol 1.4, finished]

X~ Statement directly follows from 2.3(Carathéodory’s Theorem) DA} _[-—> proposition 2.1.
L M 56 1o induce H p*, F- restrict p* to M* := {all y*-measurable sets}, 153|—> o-algebra M*.
R ILE: B B proposition 2.1 7]15 M, T E EAHE 1*-measurable [, thus My C M*, I T
M* JE2—A~ o-algebra, i ?? I[f5: M =< My >C M*.
2. i Carathéodory’s Theorem 7] PATSE]: p*| aq+ 52—~ measure, MM p := p*|pm Wig—> measure(55T
¥ e BRAIZE T —ASFE/INMP) sub-o-algebra ).
(Note: this is a trivial fact that if A/* is a o-algebra and M C M *is also a o-algebra, then 1|, is a measure

if given that . is a o-algebra on M *)

Proof of 1 being the largest extension of 1o to M: (% v &4~ M [ o-algebra s.t. v, = po-
Let E C M. (WTS: v(E) < u(E), B v(E) < p*(E) )
FH AN p 1 5E S RFFAETE € > 0, fFFE—FEEA {42, C Ao 2

ECUA H Zuo (E) +e

HT v 7 Ay BRI po —2, B
V(AZ) = /L()(Ai) Vi,

B,

Do vlA) = no(Ai) < p(E) +e
=1 =1

FIH v 1y additivity I monotoncity 75

T e arbitrary, 153

GIEBAJREE: 7 M b p 55T po induce FZMIEE, XF T HABK) extended measure, HAEH#E— N ES L
B B — & /N2 TR 219 M covering [ premeasure Fi1, [ Fo A1 0] DA i 455 13X 4> covering Fit) i J& i1
HERINUEERZERE (since inf), AT EASX AN BE/INT-S5 B 1AM BE I —ANTERR/NT €, ATTASHIE.)

Proof of . being the unique extension of 1y to M, provided that ;. is o-finite:
(recall pg is o-finite B po(X) < oo) It remains to show that v(E) > pu*(E).

Continuing _[=—]* proof, we have:
<w(JA)=v(lJA) =v(E)+v(JA\E)
i=1 i=1 i=1
E)+ (| 4\ E)
i=1

FATHEE controling p* (U2, Ai \ E) = p*(Ui2q Ai) — p*(E) = e i@l 0, BIRTAS 2 S A5 &
IR FATIEA T v(E) < p*(E) ZJ5, R E| covering set fll E 2 [A] ) 2551 v-measure H SR /)N



2.3 premeasure and Hahn-Kolmogrov extension Theorem [Fol 1.4, finished]

FTEET XA ELER) p*-measure, which can approximate 0.)

1. AT E BT E X X FH)— algebra Mg Fil—> algebra [[{’] premeasure 1;

2. %%J5 H inf of covering sum 3£ induce H—4> P(X) A outer measure p*, 1 J5FRATFRE] p1* 2] p*| A
(where M* F£/RFIA ) p*-measurable sets), by Carathéodory’s theorem X induce H} 7 —> complete

measure.

3. FATATAFEI M* BJ—> sub o-algebra M =< Mo >, REFTEXDNES BB 1 ym BAEZ—
/> measure, 7 H & M extend %] M [ [{] lartest measure. By Hahn-Kolmogrov Thm, iX{~ measure {5
f& o-finite fY )2 Mg extend | M | ] unique measure.

(Notice: B#EHE, (X, M*, 1*|am+) B (X, M, u*| M) BJ—4 completion.)
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