Module 3 distribution function 5 Lebesgue-Stieltjes measures

3.1 distribution function and Borel measures on 5(R) [Fol 1.5]

This lecture: 1. distribution function 42 increasing H. right continuous [1, 2. {T:7 increasing H. right contin-

uous [ pRE AT PAYE A distribution function, e 34438 & %] M 1) measure.

3.1.1 distribution function of a locally finite (i.e. regular) Borel measure

Def 3.1 (distribution function of 1)

25 7 —)~ locally finite (finite on all compact sets) [\ Borel measure on R (B[l (R, B(bR), ), FAl]
D&

p((0,2]) x>0
—u((SC,O]) T < 0

Fu(z) =

XA EREHFR A 1 1Y) distribution function.

L)

Remark —7> locally finite (finite on all compact sets) i) Borel measure on R" # ) h—> regular measure.
e Ch 3 1, FATAETTE R™ I regular measure X} Lebesgue measure [/ derivative.

Proposition 3.1

Ro K F 42 p 1) distribution function, 24 HAY 24 u((a, b)) = F(b) — F(a), fEBGX ALY interval. .

XPAE SR Y.

Theorem 3.1 (distribution function is increasing and right ctn)

XF R _ERI{ER locally finite Borel measure p, H: distribution function F), #j& increasing H. right
continuous [. (right ctn:
Fy(a) = lim f(x)

T—a™t Q

Proof increasing: trivially by monotonicity of measure.
right continuous: follows from measure [#J ctnity. 1E#H F: 1((0, 2 + 1/n]) B sequence HZFR K 1(0, x]), by
ctn from above; ffl -, p((x + 1/n,0]) B9 sequence H%FR A w((z, 0]), by ctn from below.

Remark Note: distribution function 2 right ctn §, {EAIK %2 left ctn B, K314 25 H0H mea-
sure, 153X > distribution function HG [ 5. XFESE T A ELE. [ fl: $l4 atomic measure.

3.1.2 any increasing and right ctn function is a unique distribution function

Def 3.2 (h-interval)

2 XU (a, b], (—oo,b] BY R H)F4E, PAN &, R, A h-intervals.




3.1 distribution function and Borel measures on B(R) [Fol 1.5]

-

h-intervals RIFF BRI ZFF A HX 8.

E

Lemma 3.1 (h-intervals form an algebra and generate borel set)

Ay := {finite (disjoint) unions of h-intervals}

f&—> algebra, 31 H.
< Ayp >= B(R)

Proof trivial. follows from lec 2 [ generating set of borel set on R.

Theorem 3.2 ({£= increasing H right ctn F{E{EFE F /> regular Borel measure Hj distribution g5 %j)
Bt lemma Hf) Ag. X T{EZEH] increasing H right ctn B F' : R — R, #] define o : Ap — [0, 0],
by:

n n

po(|J (@i, bi]) = Y (F(bi) — F(a:)
i=1 i=1

FERE 10(0) = 0, AK F(00) = limy o0 F(2)
, Claim 1: 9 2—4 Ay R o-finite premeasure.
Claim 2: (by Hahn-Kolmogrov) /. extend to a locally finite Borel measure 1z, 7 H. pr((a,b]) =
F(b) — F(a) for any h-interval, i.e. F' & pp [ distribution function.
Claim 3: F & pr HJHE— distribution function up to constant term, in the sense that 1T & H A
such function G' {12 pp K distribition function, WA SR F — G -k const. O

Proof Claiml

1. well-definedness of pg: X1 F~45 H—#F£ ) union, finding common refinement B[JA].

2. up(@) =0: FAH @ iz (a,al

3. finite additivity: trivial.

4. o-finiteness: each po((n,n + 1]) < co

5. ctbl additivity: nontrivial, FHEI¥ZAREFF.
Suppose Ay, Aa, - -+ /& seq of disjoint h-intervals in Ag. Let A := | |; A;.
WTS: ji0(4) = 37, 10(A)).
(1) WTS po(A) > >, po(A;) iXA> direction easy. We define B, := ||| A;, H finite additivity 7531
po(Br) = 323 po(Aq), AT

to(A) = po(Bp) + po(A\ Bn) = po(Bn)

for each n, H X &> numerical seq, 1] PA conclude po(A) > >, po(Ai). (2) WTS >~ io(Ai) > po(A).



3.1 distribution function and Borel measures on B(R) [Fol 1.5]

XA~ direction M, 752 H 3| €/2™ | argument.
For simplicity, F 1R FFEZE A; = (a;, b;] 1Y interval B, HAMFE K can trivially prove. 3 H., 1T Ao
HAE I — N ICE 2 2 HA finite N EEUY h-intervals, F¢1/] suffice to assume A E—-* h-interval.
M, FeATTHL AT DA denote A = (a, b].
Lete > 0.
By F' [{}) increasing Fil right ctn, f7-7F 0, ; s.t.
Fla+0)—F(a) <e

[FlFERD, XT TR As. FRATES AT LAFRE 0 (175

F(bi +6;) — F(b;) S;
T (aibs + 6:)ien SIGH T~ open covering for [a + 6,b].
(@i, b + 0i)1<i<nN-
By relabelling, 11 suppose A; 2 NZEBIHHEFH). FREA b + 0 #FEFT—1 A1 Z 1.

By cptness, £E1FE— finite subcovering

aven\'j
I
u A
nath 4
INITE
po(A) < F(b) — F(a+6) —e (3.1)
< F(bN+5N)—F(a1)+e (3.2)
N—-1
= F(by +0n) — Flay) + Y (Flais1) — Fai)) + € (3.3)
Nl—l
< F(by +0n) = Flan) + > (F(bi+6;) — F(a;)) + € (3.4)
N ¢ 1
<) (F(bi) — A(as) + 5 T (3.5)
1
<> o(A;) + 2¢ (3.6)

Claim 2, 3 #f directly follows from Hahn-Komogrov Thm.

X —UERHSE U B SRR IR 2 1. 4L MR union A—> h-interval; 2. i cptness B
finite covering; 3. X[ A; BL—1 €/2¢ 19/]s cover, £ 5 A A% € bound.
Example 3.1 FA1E LU, M2 increasing H. right ctn 1 pRZGER T PAR 38 H— DA A distribution
function ) locally finite Borel measure on R, [K| i F AT FRIX LR e EER YA distribution function.
PLF A distribution function {115 1

1. Heaviside function

0.,2<0



3.2 Lebesgue-Stieltjes measure [Fol 1.5, finished]

2. Jfi1Hs Q AEMIEASIH: Q = {q1, g2, -+ } T )5
= Z 27"H(x —ry) € (0,1)

XA R HOE A BT B IE%WEF&T Arweight”, FEXTTRAS o, TG AL N > « Fl
< z PR, FE < o BIRER-A BEUWACE S F(2). T2 o 8Ok, wdait F(r) WA B,
( ) BUBOR. (AR AT 2 ALY, XA R E R — BT discrete.
AR, ANHL Q T HUE Y countable sets in R fE 42 .
ZIS lec B4k @ B 4% 2 X distribution function 452 [ measure, 52 N5 E A 6] T B 32 B interval K J&F,
FATBMHZE B 2> mass (R, AT I A B4 B2 g — A i b — M. 5B
— A —E ) measure. XA~ distribution [ 4 75 I 2kt € T 3X > measure.

3.2 Lebesgue-Stieltjes measure [Fol 1.5, finished]

25 % — increasing H. right ctn A F, ATE L8R T HEAER distribution function 3§ induce H—
/> regular Borel measure i on B(R).
TEAS S XA R AU, A )2 ] premeasure Ay (of all finite unions of h-intervals), {#i fi§ Hahn-Kolmogrov
% induce outer measure p,, FIHE restrict ‘B | < Ay >, Bl B(R) _E, 84517 measure. iX—4> measure 2
— Borel measure, {E 2 EH 4 complete.
recall in lec 6: FRAJHZZ AT PA complete iX~ measure, HFFZHAESE — 2, H premeasure Ag induce H outer
measure f, AN restrict ‘B3| B(R) L, 1fij& restrict |H M, := {all p}.-measurable set} |, 152152
completion of zif, H

(R, M,.,77)

Hor, A* & < Ag > Hl B(R) 1 proper super set. F{T38iX 4> completed measure i Lebesgue Stieltjes
measure associated with ', JFF pup SREERE. (RIA, HIHERSEHH measure A4 1r, BEREK AR
B{E AiX 1> measure, 12§ A'ERY completion, H# MFRER completion (7ir) A i)

completion

Regular Borel measure LS measure

Def 3.3 (Lebesgue-Stieltjes measure associated with F’)

25 7 —> distribution function F', & A 1{#i Fl & & £ X h-intervals i} premeasure 119, 323X |~ premea-
sure induce Y] outer measure p* P2 Hil7E

M,, = {all /*-measurable set}

I, /1 Carathéodory Thm 15 4& complete 1. FRiX|> complete [1) measure
BF = T m,,
A Lebesgue Stieltjes measure associated with F. &

W& L, X TFAER E € M, ‘B LS measure Jy:

mf{z CLZ ’ EC U au z



3.2 Lebesgue-Stieltjes measure [Fol 1.5, finished]

3.2.1 inner and outer regularity of LS measure

ESRFLATTE A h-intervals 2k induce T iX~ measure, {H g 5L 5 FIATTHAEE R measure 5}, W] PAFH open
intervals 3/{#F h-intervals:

Lemma 3.2 (open intervals can substitute for h-intervals when computing measure)

fit] 5 —~ Lebesgue-Stieltjes measure associated with F, £ E € M,,, ‘B ) measure 55T

mf{z az | EC U a;, b z

Proof 4~ open interval #{4# T a ctbl disjoint union of h-intervals, M M & 7F X EL inf ££4 N H; BT RA
E%E—ﬁfﬁﬁbﬁﬁﬂl_ i~ inf BIA]. Fix € > 0, FAVRIEE L] DABLE]— seq (a4, bs] 45 E measure sum

w(E) +e€/2, MFATRTEEA 4, 78 interval A BTHE— < /2071 1 6, 578 5 T —> open interval,
#EET’FEEF&} X/~ h-interval seq ) measure sum 2581 2% /2. M AL

Theorem 3.3 (outer regularity)

X}F—> Lebesgue-Stieltjes measure associated with F', {L.5 E € M, ‘B[] measure 55T
pr(E) = inf{ur(U) | Uopen,and E C U} 3.7 O

Proof Directly follows from lemma. 154, by monotonicity, — M35 E fIFEE U 1) pr —E L E K.
HH, XFFAL RN € > 0, & AT PAFR 3] —> open covering {#if5 measure sum < pup(F) + €, by def.

Theorem 3.4 (inner regularity)

X}F—~ Lebesgue-Stieltjes measure associated with F', {L.5 E € M, ‘B[] measure 55T
pr(E) = sup{ur(K) | K compact,and K C E} (3.8) 0

Proof T 4EiERH E bounded [1 case. % F bdd.
WA E closed, ) E cpt, trivially true.
44 E open, A4, E ) bounadry s closed (cpt) 1Y, M1 OF € M, Ffi1lete > 0. FATXF OF i ] outer
regularity, i PLB—> open set U covering OF, 3 HAH 15 pup(U) < pp(E) + €
W K = E\ U, 31 %X & —1> approximating E ] compact set, I H A
E=KU(UNE)

NIIE



3.2 Lebesgue-Stieltjes measure [Fol 1.5, finished]

B(E) = u(K)+ prcune)
(K =pE) - (uW) -pU\E)
ZpCE) -E

T %}F unbounded [ case, FHiZH
E=||(EnGj+1)
J

7531,

Remark outer / inner regularity %75, R _|-—~ (LS-measurable set 1)) LS measure 55T & NE A cpt set
JE T #Y) measure limit; PA K 25 T8 4N open set 1@ 3T T 1) measure limit.

XA BT AT DAYE T 2 R™ E.

3.2.2 Lebesgue-Stieltjes measurable B Z5 ) 5514

Def 3.4 (G5, F,, sets)

Topological space 71, —~ coutable intersection of open sets #FR A—1~ Gs set, —/> countable
union of closed sets #FR H—1~ F,, set. &

Remark topological space H, finite intersection of open sets ¥4 /& open set, {HJ& countable intersection JlIj

P finite union of closed sets & 42 closed set, {H-& countable union M| .

G sets f$E T A 1Y open sets, PAN—F539"78; F,y sets t45 T A 1Y closed sets, PA N —343 9 7¢.

Theorem 3.5 (Lebesgue-Stieltjes measurable B4 5% 14)

TFAE:

i
EeM,

il fEHE— Gs set V' DA J—~ measure zero set N1 (up(Ny) = 0) flifs
E=V\N

iii fE7E—> Fy set H PA—]> measure zero set Ny (up(No) = 0) fififs
E=HUN,

iv f77E—> open set U Ff3%F TAERM) € > 0, &
wU\E) <e

Q©

Proof fy (i) A1 (iii) #EFS (i) J2 trivial B9, X2 KA LS measure 4& complete measure, {72 null set #B/&
measurable ff). /(i) # (ii) 1 (iii): follows from outer 5 inner regularity. 2% F J& LS-measurable ], &



3.2 Lebesgue-Stieltjes measure [Fol 1.5, finished]

fITEBEHL-—> inner seq of cpt subsets DA Jz—]> outer seq of open super sets, {5

pr(Uj) — % < pp(E) < pr(Kj) + % (3.9)
TRISE): V =N, Ui, H :=; Ki, 5 E WZE58#02— null set. 7 HEAT53 510 Gs 1 Fy sets.
Remark o-algebra £/ topology £ H H closed under finite )32 fl13, 1 < B(R) > N closed under ctbl 22 Fil
I, NI Gs Tl Fy sets #HFEHH. M, 2— 1 < B(R) > HRHEA, HEHLEHPHITE
FRT LA Gs Fll Fy sets, Bl < B(R) > WA RIEL. X2 FEA, K4 completion 3 Z 44 subnull
sets fI A T o-algebra H.

3.2.3 Lebesgue measure and its invariance properties

Def 3.5 (Lebesgue measure)

Lebesgue measure H[l Lebesgue-Stieltjes measure associated with F'(z) = x. FATH m := pr KFR
B, HH L= M, KFIRFIA R Lebesgue measurable sets.
MM R _H) Lebesgue measure space F&7~ 4:

(R, L,m)

&

Remark Lebesgue measure 2 fix normal 1] Lebesgue-Stieltjes measure, ‘& preserve intervals [+ A B H

measure:
m((@,b) =b—a

Theorem 3.6 (£ preserves translation and scaling)
ifEe L — E+s,rEecLVsreckR
HH, m(E+s) =m(E),m(rE) = |r|m(FE)

Proof HG, WHR E € B(R), HE4 by hw 1, FATuEBH T B(R) /& closed under translation FI scaling [,
MrE, E+ s e B(R).
FEA41] define on A := {finite union of h-intervals}:
ms(E) :=m(E + s)
m"(E) := m(rE)

AR, XA R &Y agree with m, |r|m. BT m & o-finite f§, ) T by Hahn-Kolmogrov, £ uniquely extend
to B(R). [T, ms 7£ B(R) BF1 m M, m" {8 B(R) LA [r[m MH5E. FF H, FATFE (R, L,m)
completion of (R, B(R),m), K ms H[H4#E complete to m on L. ([E]¥E, m” H[E]#£ complete to |r|m on
L)

Remark FATHZHEA P4 measure function f£ premeasure _EARSFsiFRAT L &R, BUREIERAEA1HE in-
duced (complete) measure _|"FH%5.

AN, B 75—kl . After we know mg 75 B(R) A m 5%, m” 75 B(R) LA [r|m 5%, AT
3.5 Lebesgue-Stieltjes measurable %54 55425 n]H1: £ _FRIESE—EZ— Borel set 7 _—> null set, i
T null set [)) measure ¥E£1+ translation Fil scaling 532K 42 0, [AFEFEIE.
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