Module 5 integration of real and complex functions

5.1 integration of real and complex functions-I [Fol 2.3]

FATH #7 H & X T non-negative R-valued measurable function [543, 13140 2L 52 8 Hh 5 L R-valued
measurable function fFH4} [ f € R, DA C-valued measurable function fFH4) [ f € C.
recall: % T{F & R-valued f,

f=rr=f

Ji-fr-fr

HZ2H A —> undefined Y IR FEATERES: oo — oo X —JRAY AN PAIMIFRATTICTAXS B4 B Al ek 4
PEATRLSy, M2 5 3L integrable” f AT bR %K.

E MK 1% EE define:

= [Ifl <

{ff+<oo
Jf <o

Proof trivial.

IESAFRAPER TR, 1577 22 24 ELACS 268 00 (i R AR mT 4.

FRATEE TR E AT R B 2SI X HERRV D AE T e L. CE 2 MITUIA —FE.. XA
XA AR ZH T I EIE R AR R 7. IR A 185 J655 Z 18 AR undefined
behavior HFF B IE A — MM AETLSF AT T (HRINMERIZ2EA RIS AidBERxX 45E X
THEAHERL)

51.1 L(X,u,C)and L'(X, u, C)

Def 5.1 (real-valued integrable function)

Given measure space (X, M, i), measurable f : X — R ##R 4 integrable 1, {15 & i &

H-& X H: integral “A:

Def 5.2 (complex-valued integrable function)

Further, F {17 X measurable f : X — C 2 integrable B, {15 & [AIFEH 2 :

[in<o




5.1 integration of real and complex functions-I [Fol 2.3]

FREXNEGEMT Re f,Im f integrable, &
|fI < |Refl+ |Im f| < 2|f]|

[ = [ref+i[m; .

Remark fr AL, SHERBHORSEHERD, SEESBHRSEHELAD. G

Proposition 5.1

JIT G I real-valued integrable functions 4] i, —~ R-vector space, 3 H. integral J&—> linear functional

FoAi 1 LH: integral Ay

on it.

FIT A ) complex-valued integrable functions f4) i, —~ C-vector space, 3 H. integral J&—]> linear func-

tional on it. 'y

Proof trivial.

T FRATT A PAE LIXA™ vector space FHE_ AT T—E W5, BLAL A— temporary FJic-5:

Def 5.3 (L(X, 1, R) AR L(X, i, C) space)
25 7€ measure space (X, M, u) FATE X

L(X, p,R) := {all (extended) real-valued integrable functions on X }
PAK

L(X, p, C) := {all complex-valued integrable functions on X }

&

Remark X EAFEFATHRA R AR B 1 E LT AFFEEH quotient 5L fir A7 1Y a.e. AHSE 1) B B0 AT DA
TEMZ (8], FRATE SEAEX I i Y 25 [1]_b kB — L8451

HAEATEA L(X, 1, R), BAER L(X, 1, C) iy subspace, TIHA S ILEALBLEE general iy
L(X, 1, C) LRI,

Remark X4~ C-vector space [{] dimension &% /> lg:

R X 2—A> finite set, FFA4 fL(X,u,(C) 1Y dimension ;2 | X|, AR e; : x; — & ;&> basis; [F]FE
i), N5 X countable, A4 L(X, 1, C) [ dimension t}& countably infinite [#J; 414 X uncountable, H 4

L(X, u,C) 1Y dimension {4/& uncountable 1.
Feti, L(R™, p, C) f#) dimension 3} j& uncountable [¥].

Proposition 5.2

L(X,11,C) b, f+ [ f }—A> linear functional.

KA F 42 linear [1, as we have proved.

Proposition 5.3

felue) — | [ < [in




5.1 integration of real and complex functions-I [Fol 2.3]

Proof For real-valued case,

Jal=| [e= || [e]+|[o]= [+ [ = [n

For complex-valued case, Set
Jf

| [ /]
T&H aeC H |a| =1. Note: —4a3H{E A 1 BY complex number HJ{E|E1 2 EHJ conjuate.

" [ =a [ [ares
| [1]= [ar= [re@p < [1Re@ni< [1asi= [ 1

o =

Def 5.4 (integratal restricted to a measurable set)

if fe i(X, u,C), E € A (u i) o-algebra), FA] define:
[ fdn= [ sxpdn
E &

Remark 2555 1611E, restricted to a measurable set [{JFH 43t 52 linear H. monotone [7.

Proposition 5.4 (RTFR R £ /L F- AL AL 1BE R E N 5 44)
if f,g € L(X, u, C), W] TFAE:

o f=gae.

o [If—gl=0

o [pf=[gpgforallEc A

Proof (i) <= (i7): by last time proposition.

(i) = (ii): BIH
=‘/<f—g)xE < [1r=ghe< [1f-g1=0

(it1) = (i1): % u:=Re(f ,v:=1Im(f —g), W

/|f o= [ [ si [orvi o

XOANRAEREE. 5% ZIUAE v FE-— positive measure set £ _FE 0, A4 [pu™ > 0, 4
J1f =gl > 0. QL =AU I FE)

Remark [|f —g| =02 [ f—g=0ERYEKME [ f—g=0nA2dEBEAGZHEIT HIERAIK
.1 [ |f —g] =0 MIZEIR ae. FH%.

Remark X EFA: FRATATLL integrate f : X — C a.e. defined.

Hp:

fiEC—C , wE) =0



5.1 integration of real and complex functions-I [Fol 2.3]

Ho Ry —Mp b e
f: X =R st |f|<oco ae.

HAFMT B, ae. FGERIWTATIREEL f,9 € L(X, p, C) TEAER TN LIOBUMEIAHAE. T2 p 4>
PRBCE L(X, 1, C) PPy R ILRARSFY. PITTFRATAT DA ae. MAEAUBFN R quotient 4, fajfkix 425 [

Def 5.5 (L' (1) space)

FA1E X LY(X, 1, C), BfEHR R LY (), H

L(X,p,C)/ ~
Hp ~ FIR—A> equivalent class: [ ~ gif f =gae. (FHT [|f—g/=0)

&

LY () H A BRI TR A 2 AR AN IR AR EAR AN TR]. S8 14T 2% B LT AL A A 45
AR ATIIBE, X T AACAR S BB FATAHEANIHE L () EEHAMSE. I H, JA1A:

o 1

1E LY (p) F2— well-defined function.

5.1.2 DCT

2 (fn) 2h aseq of a.e. defined measurable functions on X, s.t.

fe) = lim fu()

exists a.e.

Claim: f is measurable. V)

Remark Measurability is well preserved by taking limit, 3 H. 5 i —~ZF £ _F R %L definedness A2l
ARiX > behavior. (X — MR LI FZAFT)
Let (f,,) be a seq of functions in L (1), s.t.
o frn— fae.
o fF1E g € LY () s.t. |fn| < g ae. forall n.

Claim: f € L'(u) 3 H.
f=1lm | f,

Proof HiHT fn — fae., by lemma 7] PATS 3| f /& measurable [{.
IFHE

[ful <lglae. = [|f] <lglae.

Ji1< [1ol <o

BI f € LY. (M | f| ZZAFE—1 measure zero set | T£55).

TR



5.1 integration of real and complex functions-I [Fol 2.3]

HH g(z) £ fu(z) > 0ae X—SREL, FHMITIERATTAXS g + fn, g — fn ] Fatou’s Lemma:

/g+/f /g+f /(g+nlggofn) (5.1

- / lim (g + ) (5.2)
by Fatou
< 11n1}nf/(g+ fn) (5.3)

_ / g+ lim inf / £ (5.4)
/fgliminf/fn
by Fatou
Jo- [ 17 it (g )= [ g~ timsup [ 1,

M (BT [ g < 00)

PAN similarly get:

NTITE
/f > hmsuP/fn
(X HL ¥ %, negate —|~ numerical seq J5 liminf 4% limsup. HittA] I, Fatou’e Lemma BRmAm, B
WEX [g+ [ 70 [g— [ f&R—UORATARE]: )
r=tm [ 5

DCT J& MCT 1£ L' Ef#f). MCT HAE M TR S nr il ek 4, F FL2ER 79124, i DCT )
YER TSI Z L.

DCT ¥k 21EE—4 L' 19 (a.e.) bound function, DA ZH2FR a.e. FE7E T extened R. X AN Bisk #B
FEL, — N T R B R RN ARREE, — R TR SR S

i 325, FATAT AR "F2HE g € LY st | fo] < |g] ae. for all n.” 3X— ZAFHEE] - 77461 seq (gn) PA
Je gin LY, i
o |fnl < gn
o gn — g ae.
° fgn — fg
Proof ¥ hw 5.
Example 5.1 Suppose u : [0, 1] — [0, 1] is Lebesgue measurable.
7 X — seq of function: (u").
Bo R U™ = Xpu=1y p-W. FATATLAH g = 1 /£ bound function. MIfi{55]:

/f—hm/fn—/{u JL=mte=1)

. 1+ na?
I: hm I
n—00 [0,1] (1 +x )

Example 5.2 compute

2 fu(z) = %IZ%”)” A: falz) = 0asn — oo forz € (0,1];



5.2 integration of real and complex functions-II [Fol 2.3]

HHZ#E g = 1, £k bound.
HmA I=0

5.2 integration of real and complex functions-II [Fol 2.3]

5.2.1 corollaries of DCT

PAF A DCT 1 corollaries:

5.2.2 Fubini for series and integral

Corollary 5.1 (Fubini for series and integral)

YT LY (1) HH sequence (fn), QR 35070 [ [l < 0o, W

D S FeLl(p)
n=1

[yn=fr=5 [

Proof Recall Tonelli for sum and integrals: {7 {f,, }nen in L1 (1), A:

/gfﬁgjl/fn

(2281 Fubini #p 75 Tonelli) 53X~ 5 # /& Tonelli for sum and integrals 7 L' [/
FAT set

HH.

Fn::;fj G::Z_:l|fn|

By Tonelli for sum and integrals, £:

/G=/§|fn|=§/rfn|

HZ&EHGE, [ G < oo, i G € LY (). FTPA G AIPAER F,, ) DCT bound:

/mz/a:é/w

/F:nlgn;og/fi=g/fn

Remark Fubini’s for sum and integrals : X} F—4> seq of "] FHpR %L, HARE 1R LE 33 43 FU 8L, FRAEA]
Y infinite sum & &t 2 RTERAY, I H AT A AL - A FR VT
HSL AR, BERAXR S FIH 28 by tri ineq & KT T RIS, 4 X5 L5 FAEVE A1~ bound func-

tion.

A1 by DCT::



5.2 integration of real and complex functions-II [Fol 2.3]

5.2.3 a function that is measurable in one var and ctn/diffble in another

4 (X, A, 1) be a measure space.
WM f: X x [a,b] > CHRE f(-,1) € Ll( for all t € [a, b]

/fa;t du(z
A

LAt f(x,t) SHFALE o #RELE, It HAFAE—4 g € L' (p) #1% |f(t,2)] < g(z) for all
t,z, B4 F W2 ctn B,

2. R O, t) W TR o, t AR, I HAFTE—A g € L' () 75 |9 (2, t)| < g(z) for all
t,z, 4 F B differentiable f, 7 H.

0= [ & (.1) duz)

X UEAFAS PR Y
For part(1), STS: ¢, -t = F(t,) — F(t)
Apply DCT with fn(z) = f(z,tn), f(z) = f(z,1).
For part(2), Suppose ¢,, — t.

Apply DCT to
() 1= f(:r,tzz _{(m t)
H AT AEELES « > 9 (2, t) measurable.
- H. by MVT,
@) < sup | (2, 1)] < o)

tela,b]

M FATWH g bound 5T Ay (). Apply DCT:

. F(tn— (t) fwtn— flx,t)
/ _
F(t)_nh—wo tn n—>oo/ n—1t n—)oo/ n—/ ’) 'UJ

i DCT, %TI]TWTU\Xﬁﬁ”/\ﬁkml@lﬁﬁ()\? AT PATE R IS5 1F T e 2 A8 B ok S
BUFIRT . i%— RUREAER, B2 DCT #iAHY sequential behavior R 1 57 FAZIIERA K] continu-
ous F1 derivative 7£7£, {4 ff] sequential definition.

e R LA R BT « /2 measurable [, - EL 2 XFT ¢ B9 partial derivative 404044 DCT 4%
. AT AR E X F = R FA%F ¢ KEHIRFF.
BERMFHEHNTE DT QA5 Bi):

Example 5.3 &2 54
0 1
/ —tx dm, ( ) ‘?77/ _xe—tx dm(x) — -
ot R>o R>o t

fit,x)=e t>0,2>0

Here



5.2 integration of real and complex functions-II [Fol 2.3]

ST
=ze ™ t>0,2>0

0

S4B EHY dominating g(x): XKLL t — 0 AR EARIRE g(2.1) = o, HREA g AAR—A
L RE (FEKA0 ERV 00). MTITE AR AT PAIX 2 AZ B4 FISR S IGU. (ELZ QAT ¢ 131 Pl R TR A2
t>a€ Ry MAZt > 0, FATH AT ASSHIXABUS IR T, A B A] DA E

g(z,t) = ze”

5.2.4 L' as a Banach space

Theorem 5.2 (L' () LA integral w.r.t. 1 4 norm 2—+ normed VS)

AE L (p) b, FAiT set

17l = [ 17

W (LY(p), || - ||) 25— normed C-vector space. B, ;X2 —" well-defined norm. v
Proof recall norm )i X, T8 AT A

o Homogeneity:

lafl[ = lal - [I£1]
o triangle ineq:
F+ gl < 11T+ Mgl
e nonnegativity:
IIfl| >0, =iff f=0¢€c L' (e f(r)=0ae)

Hi P 252 B3 1Y linearity (R (V412 J5—4% by def.

Corollary 5.3 (L' (p), || - ||) &— Banach space)

(L*(p), || - ||) # induced metric space & complete [{4. B[, every Cauchy seq converges.

(MTIXE—" Banach space. ) O

Proof Ht—~> Cauchy seq (f,)in L*.
X LA —ME 1S recall ] proposition:

Proposition 5.5
T —> metric space {1, —~ Cauchy seq converges 4 HAV 4B 474> convergent ] subsequence. .

TEMAAR AT B ST ARG e, ATRAB max(N, M), it N A TR0 i TE 28 o < /2 19T
B, M ORGSR A TCE I IR < ¢/2 BT 4.

[ 1% 1] A EAEBRAEAE— 1 subseq (fu,) s.t. fn, '~ f € L' BT

EL%0 Cauchy, WTS: f,, WS HARBRYE Lt b ST &3 ] Cachy 443k 1/€* argument.




5.2 integration of real and complex functions-II [Fol 2.3]

FAT pick T RHR (n) jen SRR THA j #A
1
m,n 2 ng = Hfm - fn“l < 27
I set
9gj ‘= fnj_fnjfu glzfnl
e .
Z/ lg;] <1 < o0
j=1

M by Fubini’s Thm for series and seqs, {77F:
J
= i i i . 1 .C.
fim Jim 3 o= Jim fo € 11 B

GlNES] .
1 jooo
[1=1 <3 [lol= 5 =50
j+1

Remark X Bl % 81 T Fubini for series and seq [ i &b: LK A543 7 A FRAE 2 JoBRK AL,
PAZE S AR I BR N A5 TR, 4833 ER 9 FIEFR AT seq 2 1EFER KH.
MFATAT LIz X — 50k &4l function seq FME T, EbAiX HLE—4 function seq 1833 #i& BT R I ZERY
F R, induce H—MEXFER 5> FNFFRAY seq, T X seq BIFR 7 F1R [RIERA IR seq B SR.

5.2.5 density of simple function of L' ()

Theorem 5.3 (density of simple functions in L (1))
A (X, A, i) —> measure space, & f € L(p),
WTAERE € > 0, BAELE simple ¢ : X — Cin L' (), {15

[1s-0<e :

Proof 2 AR, by BUMKE L. A ESCIL f divide Jy

_|_

f=u+iv, u=u T

M R PN R RS u™, u™, v, v~ 435I Jf] simple function seq approximation, F-{ifi Jf] DCT:

/limgbn:/u+zlim/¢n

7t (én) WA RIENT wt f) simple function seq, AR 4 vt J& B A dominating function, [i] i} /2 1% FR.
HBAXT TAETRE Y € > 0 HAFAE—A n fHi75

|\U+—¢n|\15/u+—/¢n<e

—-u , V=0

JEHR X R DL



5.3 integration of real and complex functions-III [Fol 2.3, finished]

5.2.6 density of step functions in L'(m)

Theorem 5.4 (LS measure space fi{] L' space _E 4 density of step functions)

Z & (R, L, ms) where ms “h—> Lebesgue-Stieljes measure on R, let f € L(p),
K FAERE € > 0, HRFFFE step function ¢ = 377 ¢jxr,, 815

[r-0)<e

where each I; #[\ /& open intervals. @

Proof I general case #{Ll. F|F the fact that {T- 73— Lebesgue mble function # 1] PA ] step function

approximate.

5.3 integration of real and complex functions-III [Fol 2.3, finished]

5.3.1 another dense subspace of L' (m,): C.(R)

AT IRIRATANE T BrA 1) simple functions 7E L (p) F#4 A T dense subspace. Ji H 24k
%F (R, £,ms), iR step functions $35 7 —7 dense subspace of L' (m,).
G REAVRAN T — ARG (R, £, ms) [ L' (ms) (/] 55— dense subspace: Ff% ) cpt supported
continuous function.
a2, {3 HY Lebesgue intble function #3AT L A ctn function with compact supp &if{l. —~7]
FHERECAT DASE supp JEF RS A DA S AEH unctn (7, (H2 A1 DA ctn and cpt supp functions & 3T, in L!
sense. 4 IRIX i —FhSIELT. BT DAZE AR K.

Def 5.6 (C.(X))
4~ X be a metric space, I 1E X:

C.(X) := {all ctn functions f : X — C with cpt supp}

Theorem 5.5 (C.(X) C L'(u) &—" dense linear subspace)
Ce(R) C L' (pm) H— dense linear subspace.

Proof XFT f € L' (my), let e > 0. FA 11 4% pick —A> step function 3¢ approximate f:

n
€
¢ = ZCjXIj, stllf =l < B

j=1
2RI 5, A ctn and cpt supp function f; X4 x i, HEATIEIL, by:

N d\'c’,{_ supp N ”?’e

£ ? —

& b &

Jr

(3> o

10



5.3 integration of real and complex functions-III [Fol 2.3, finished]

AT (1325 15 = Il < §, BIE [ 325 £ — fII < § by tri ineq. f3IE.

5.3.2 Riemann v.s. Lebesgue integral

BAELTEN T ML R A measure space | [¥) Lebesgue FHA: ) 5E S, PAK AT 23 [a] ) 2 L.

Recall: Riemann integral s&%} T R — R [BREUE L), £805E U R — R [R5

PAERATHEST R — R By %A Riemann Hl Lebesgue 3. FMTH 45114518 Riemann fR4%
£ Lebesgue FR 9y AY455% 18, B, Riemann AR AY & £ —E 2 Lebesgue ATFH, 3 BiR9{EHEE. T
R™ — R ()Rt —+, Z 5 RIT.)

Recall Riemann integral [/ & X:

¥ f : [a,b] — R bdd, —> partition P = {t;}_ on [a, b] {2

a=ty<t1 <---<th,=0b

Define:

n

Sp(f) =Y sup fl(t;—t; 1)
j=1 [ti-1.t5]

n
sp(f) == inf f(t;—t;1)
o -t
Define over all possible partition on [a, b]: lower integral and upper integral
1

(f)=_inf_Sp(f)

P partition
I(f) == sup sp(f)
‘P partition
HEEL NHEER £, B2H
I(f) < I(f)

FATFE f /2 Riemann integrable f1, if

I(f) = I(f) = I(f)
XA I(f) #7R f 7F [a,b] .49 Riemann integral.

&
5.3.3 Riemann intbhle — Lebesgue intble
Theorem 5.6 (Riemann integral 2 Lebesgue integral FJ455k &)
: . f € L'([a,b], £.m)
f Riemann integrable —
I(f):f[a,b]fdm O

Proof for (a): X455 partition P, FA] set:

Gp = ZMjX[tj—latﬂ’ gp = ijX[tj,l,tj]
J J

11



5.3 integration of real and complex functions-III [Fol 2.3, finished]

MITTA:
Sp(f) :/GP dm, sp(f) :/gP dm

FAHNE, refinement BEXE TN sp, Jli/N Sp AT B VTR BE, iX— 5 7E Lebesgue integral H1 5 JjjiHH i
PCP = gp<gp <f<Gp <Gp (5.5
= sp <sp < I(f) < Spr < Sp (5.6)
H17T* f Riem integrable, 77#£—" seq of partitions (P,,) {£%5 P\ C Pny1, [|P|| — 0 (mesh), FH
sp. Sp "3 I(f)

1M settiing

g:= lim gp,
n—oo
“h—]~ increasing limit;
G := lim Gp,
n—oo

“—~ decreasing limit; {f mble seq [} limit behvior 15 ¢, G € L'(m) H.g < f < G 1 H. by DCT:

/gdm:li,,rln/gpnzl(f)

/dezliin/Gpnzl(f)

NID)
9<F<G and [(G-g)dm—0
Pt
g=G ae (= =Ff ae)
S}

1) = [ dm

(1T m complete, f f& Lebesgue mble 1].)
Remark FE{A intuitive. X S )7 & XA I ) 43 R A L.

5.3.4 Lebesgue’s criterion for Riemann integrability

Theorem 5.7 (Lebesgue’s characterization of Riemann integrability)

E 3L
D¢ = {x where f is not ctn at}

A

f Riemann intble <= m(Dy) =0

Proof £ 395 L & iEB]—¥KR. X HLF[A] i — K.
Backward direction: trivial.

Forward direction: assume f Riemann intble .

12



5.4 modes of convergence [Fol 2.4, finished]

XIF f i [a,b] — R, F&A] define:

H(x) =l = li inf
()= oy up 1) 0= i o S0

B fAE = AbE R ARRR. A
fctnatx < ;i_r)r:lcf(y) = f(z) < H(x) = h(x)

M ZUEB] m(Dy) = 0, STS: H(z) = h(zx) a.e.
To prove this: T, 395.

5.4 modes of convergence [Fol 2.4, finished]

5.4.1 convergence family

MTF for f 1 X — C, FATHAIA 4 FAEY convergence.
2 general ones:
o pointwise convergence: i & J.
o uniform convergence (on a subset): X} T-{F & error bound e, 75 [A]— 475 N 7] DA e-bound 13X
MNEGEITAY « B R EEF limit 58 4{E 7Y error.
2 in a measure space:
o a.e. convergence: ptwise convergence for a.e. x, B[l outside a null E.
o convergence in L': [|f, — f| = 0
P47 recall trivial relation:

uni. conv = ptwise. conv => conv. a.e.
HEFRATARIERE L -convergence FI'E {112 a1 % &.
FATE PLU T ) examples:
5.4.2 examples showing a.e. ptwise conv 1 L' conv Nt B #E

Example 5.4 on (R, £,m), PA'F (fn):

o escape to width

fn= %X(O,n)
fn — 0 uniformly {8 4 0in L'
o escape to hat:
Jn= X(n,n+1)

fn — 0 ptwisely {HFf-7R uniformly, 3 H. 4 0in L'
o escape to height:

fan= nX[o,%)

fn — 0 a.e., (BRI ptwisely, 24Kt uniformly, 7 H 4 0in L'
o typewriter: FAIEIXE] [0, 1] ®I43 A 28 MERK TR, #F 1 <n < 28 4 fi,(z) B L H



5.4 modes of convergence [Fol 2.4, finished]

L H 0.
n—-1 n
fn,k($)= {L RS [ ok a2k]

0, otherwise

HJl, for given k, f,, is the indicator function of the n-th dyadic interval.

2% —0
B frp — 0in LY {HJ2 Vo € [0,1], frr(z ) 7> 0 ptwisely. (LA a.e.) GXAMIIT, TEHE) 2 LP 55
[¥1] P47 A, p — 0, AT PAVEHH LP convergence - ANEEHES: a.e. convergence, fRT L™
BIBI51.)

TEIXB6 5, F A1 & B, L'-convergence #iI uniform, ptwise a.e. X = modes of covergence # H A

5. %} uniform convergence Fil ptwise convergence, 1% s AR A FRA, P h T DA BR Z508 > Bk T 1 i {5 451

Ay AAE{H LA uni conv; &TU@%&&%W@@%E*’I‘%@U £ bR BRBR.

HHIRATHE— 2 KB, SR ae OBk AT LY IS8 A HHEX AR, i ex 3), XA BRBURAE 0 40Kk
B 0, (HI2 AR AT 212 const 1.
AT recall: WA~pEEae. FHEE, T E0119 L distance 2 0. (2 ENME AR BFIARRIT A, HAHET.

%F L'-convergence Fll uniform, ptwise, a.e. convergence [/ % 2K TE &85
B R BATIG T L -convergence iX— 252k, 5] A—LE3#1% convergence modes, T KA convergence
family 183X 28 convergence [ 5% .

5.4.3 3 new modes of convergence: fast !-conv, conv measure and subseq a.e. conv

Def 5.8 (fast L'-convergence, convergence in measure, subseq a.e. convergence)

ST fu, £ X — C, Fofi1E X PAF = convergence:

o fast L'-convergence: if
o0
> [1ta=fl<oo
n=1

o convergence in measure: if

wa s | fal@) = f(@)] > €) =30

4

o subseq a.e. convergence: if {7{E—]> subseq (f;) 15
In; i f a.e.

4R, fast L'-convergence —> L'-convergence;

FA 14 N F L, fast L'-convergence # —> a.e. convergence (-2 & [l {E} a.e. convergence i
L'-convergence [ 7 USL, 1E X 45 2R BE 1A A2Y.)

MFA T E L] L'-convergence M a.e. convergence #§ — subseq a.e. convergence, {E 41X F 5% £k %
BT RC3siC.

PAKz, L'-convergence = convergence in measure.
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Remark X}F convergence in measure, it — 1] 2 K 1€ X J& Cachy in measure: X T € > 0,

n,m—0o0

p(@ [ (@) = fm(z)| > €) "—"0
FATAT PAIIERA (Folland 2.30)
Cauchy in measure = convergent in measure

{H 2 ] H AN AT, examples HY, escape to width, escape to hat |\ & typewritter 2 convergent to 0 in
measure [, {EA Cauchy in measure;

X B AIFATHE metric space I distance function f{E X H 1Y “convergent” F11 "Cauchy” & A6, ZE LA
distance AU S ZHFRIE X |, convergent 2Lk Cauchy 38 R4 R,

PAFBIFRICHRHAEZ 5 LA @ BRI i 3 FeATTIAE define:

Bog={x € X :|fula) — f(z)| <
KA A FR TS nth term, error FHIZE § IARRY &
MITFRATA AR A2 H B TE AR R ptwise IS A H’J%A‘

{z | fn(2) }—ﬂUﬂBnk

k=1 N=1n>N

}

x| =

Recall Chebyshev:
gell = ullglzen < [lo

Proposition 5.6 (fast L'-conv = a.e. conv.)

Proof FRAEX
ol fule) = @y = U () Bux

F’J complement

U ﬂ U Biy={fn# 1}

k=1 N=1n>N

m z,k>§k/|fn—f|

BRI fast L'-convergence [ &% 4 1] 15
VEYN, () Bog) <k /]fn—f] (= 0as N — o)
n=N

n>N

By Cheb, for each n, k we have:

[A[1fi] by ctn from above,

1( ﬂ U By ) =

N=1n>N
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B3N]
n(E) =0

Remark {1138, L' -convergence Fil a.e. convergence H ANREME, A hixX—AN 2B S ER, — 2k
PR {22 L'-convergence {2k —ANHER R MEI SURNGE IR (B FLVF ] BRELHO DR A BB T 13, AT
FEWCSU TG L AR R ANAR ). KT, fast L -convergence &~ L0550 K SR M . PRI T AT DA

imply a.e. convergence.

Corollary 5.4 (L'-convergence (= conv. in measure) —> subseq a.e. conv. )

if f,, — fin L', then there exists subseq (fn;)jen st. fn; — f ae.

(B L' convergence implies subseq a.e. convergence)

Proof ¥E#: XFF L'-convergent Y seq, B {ITAT L pick H— fast L'-convergent {4 subseq.

Pick (n]')jeN S.t.
1
[it-f1<

[t

Then

Hi NI A% prop 1%, fn;, — f ae.

5.4.4 a.u. conv.(3f3E uni. conv. a.e.) 1 Egoroff’s Theorem

FAFR frn — f almost uniformly (a.u.), G Ve > 0, FFAE F C Ast. u(E) <eIHH fn — f

uniformly on E€

L]

Remark F a.e. convergence ) 5E XA, a.u. convergence HAREERIEE—NEMESPMER uniform con-
vergence, B2 E{/37% imply a.e. convergence.

A H R —FP convergence: uniform convergence a.e., &R 7E— 2 4E 4R uniform convergence, H
SR JETE uni. conv. 1 a.u. conv. Ha]. HFEX B, X FRATRIRFNZ3 19 Egoroff’s Theorem 1] 5 AN 75 ZiX 4
5% %) convergence.

FATRHAE LP space HYF431F1E uniform convergence a.e. X/~ convergence mode, HFE /R BT L™

convergence.

Theorem 5.8 (Egoroff’s Theorem)

TS 1 2> finite measure (u(X) < 00), ARA

fm—=f ae. <= fo,— f au.

Proof au. = a.e.: DIY (.£%%)
ae. = au.: Fixe > 0, (1 1H

o= f ae = ,u(U ﬂ U By ) =0

k=1 N=1n>N

16
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ESHi)
[e.e] [e.e]
vk, w(lJ () U Bix) =
k=1 N=1n>N
By Ctn from Above:
li =
by Jim ([ Bux) =0
n>N
Then:
€
Vk, 3Ng st p( | Bur) < o
n>N
Set

= U U Bk

Then we have:
(B) <7 o =
fn — [ unif. on F ﬂk 1ﬂn>Nk n,k

1t Prob Theory H 1R A H, [A 4 prob space 2 finite measure space.
Example 5.5 p = oo I )2 ffll: 75 & escape to hat function f;, := X n+1) o0 (R, £,m).
fn— Oae. HEIIFAR au, FHR pu(X) =

If f : [a,b] — C J& Leb. mble {9, APA Ve > 0, HFAE compact K C [a,b] s.t. m(K€) < e HH. flx

ctn.

X HLFRA] restrict (R, £, m) to [a, b, 153]3X 1> subspace s&— finite (= b — a) Y measure space. F;
115038 Ce([a, b)) € L' (m) J& dense subset.
First assume f bounded, then f € L'(m), [|f| < oc.
Then:
3(fn) € Ce([a,b]) s.t. fn— fin L

Pass to subseq: (fn;) — f a.e.
Then by Egorov:
JF C [a,b] mble s.t. u(F) <

| ™

H-H. (fn;) — f uniformly on F*.
By inner regu: f74£ K C [a,b] cpts.t. K C FCIfH m(F°\ K) < §, A1 m(K¢) < e 8 f, conv unif.
on K, so f ctnon K.
XA EFRIER 7R T subseq a.e. convergence 14 i Ab.
FATA PAM— L -convergent 1 seq H' "ZE18” H— a.e. convergent [#] subseq, conv to [i]—~ K %K.
H- Han R4 23 (8] BR il 7E measure finite [ subset [, i BEFREE]—> a.u. convergent [¥] seq.
a.u. convergent F/EHIARR, FEAITAT DADR BE pR AT — S LR IW 25 8] E 1Y ctn )5
[A 1M subseq convergent Y14 AT LA as good as convergent, a.u. FJ$BATI as good as uniform.
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5.4.5 summary: convergence mode relations

fi il g Lf DD hiaf
Blie-fies) [fion) e

{N (audy

A measure

SR R B T TR BI, — 2% 2 T BRI 40 D T R B, 55— RSS2 fast LY conv, JI3RTE subseq
a.e. conv.
subseq a.e. conv. 2 & 55/ convergence, iX B TG H] convergence £} A] L HEZ]E.
X HLn] B ib A HALAY convergence KA. (HEZEATA KL BENAKRS HEIENTH KA. AR
IAEEALEL ) NSy A5 fast L' convergence, {H 2145248 show L' convergence, /&2 IpE? XA Y
convergence XffiE HAE M E SORUEFIG?
AVAT AT

o DCT. DCT g% 10 TiEW] L convergence 7 1.

DCT ZHH:

fn — f a.e.+ dominating function = f,, — fin L'

o NRAE KR measure space +¢ finite measure [11], A2 uniform conv. a.e. (which is equiv to L conv.)
A PATEH LY convergence. (DA AT 1Y LP convergence).
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