Module 6 product measure and Fubini-Tonelli theorem

6.1 product space and product measure [Fol 1.2, finished; 2.5]

Goal: Given (X;, A;, i), construct X = [ Xj, s.t.
(B X Eg) = pa (Er)p2(E2)

So that we can do Fubini (iterated integration) like that in Riemann integral.

6.1.1 product o-algebra

Def 6.1 (product o-algebra)

Suppose (X;,.A;) mble, 1 < i < n, the product o-algebra A1 ®- - -® A, on X1 X - - - X X, is the smallest

o-algebra s.t. the coordinate map
7'['le1 X"'XXn—>Xj

is measurable.
H]J the o-algebra generated by: {7, (Eq) : Eo € An}.

A1 ® - ® Ay =< {ma(Es) : Eq € Ap} >

)
el 175 KB
Proposition 6.1
A1®---®An:<{E1X---XEnGAiX-"XAn}> Py

Proof By def Zj45. (Prop 1.14 in book).

Remark X B R TG RGO, (H2 ToRIY I 2T ctblly ToRRIAHL. BTG AT RERY set product 124
geneating B[ 7]

6.1.2 product Borel algebra C Borel algebra of the product space

Proposition 6.2

If X1,---, X, are metric spaces. Let X := X; x --- x X, (with product metric), then:
n
® Bx, C Bx
i=1
and the equality holds if X; separable Vz. o
Proof

®BXZ_ by prop {U; x --+ x Uy, each open} >C By
i=1



6.1 product space and product measure [Fol 1.2, finished; 2.5]

Now let C; C X; dense, ctbl.
Set
& = {By(x) |z € Ci, r € Qso} C By,

Then: every open set in X; X --- X X, is a ctbl union of products B; x --- x B,,, each By € &;. Then we

have:

n
Bx =< {By x ... x By} >C (X) Bx,
1

Remark 225, PR index [t T, 7F product topology H', product of open sets {3752 open set, {H 2 open
sets I AN 1E /2 product of open sets iX 2. A i @, Bx, C Bx.
H- HAE separable ) topological space I, FLUl R, FA1H: R™ H{EE open set RS2 a ctbl union of open
boxes. T7& Q- Br = Bgn
Example 6.1

Brn =Br ® -+ ® Br

Corollary 6.1

if (X, .A) is a mble space, then
f: X —C (A Bc)-mble <= Re f,Im f A-mble

Proof .

6.1.3 construction of product measure

N HEFR A4 product measure: Let (X;,.A; , 11i), 1 < i < n be mble spaces.
Andlet X := X1 x ... x Xp,, A= A; ® - ® A, Goal: i1t Hahn-Kromolgrov 44 % product measure on
product mble space. Idea: Let

A = {all finite disjoint unions of rectangles (each measurable)A; x --- x A}

Step 1:

6.1.4 all finite disjoint unions of rectangles as an algebra

Proposition 6.3

A’ is an algebra.

[ )

Proof The set £ := {rectangles} C P(X) satisfies:
o el
o B Fef = ENFe€
o ' € £ = E¢is a finite disjoint union of recs (Hj & 7] H1).

Step 2:



6.1 product space and product measure [Fol 1.2, finished; 2.5]

6.1.5 4 F measure [ product {4 rectangle f measure, )\ 7E X premeasure

Now define
i A — [0, 0]
as follows:
N 5 N n )
WL B < x BR) = S T wa(B)
k=1 k=11i=1
Claim 2:

Proposition 6.4

(1) 4/ is a well-defined premeasure on A'.

(2) If each y; is o-finite, so is y'. N

Proof Sketch: (2) DIY. (1) STS(check): if £ = Eq x --- E,, is a finite or ctbl union of rects Ek) = Efk) X
- X Eflk), then

n

[ w(E) = ZHM(EYC)
ko1

1

Use Tonelli for sums and integrals:

n

[xe @) =xe(@,- z) (6.1)

1

=Y Xpo (@1, ) (6.2)
B

=> Ixpw(@) 6.3)
k1

Integrate w.r.t. xy:

I(El) H XE; (xl) = /Z H XEz(k) (l‘z) (64)
i=1
Tonelh Z/ JIZ dul(xl) 6.5)
= ZM(EYC)) HXEZ@) €] (6.6)
k =1

And repeat fori =2,--- ,n

6.1.6 HK extension of the premeasure as definition of product measure

Step 3: IMESZRF T o-finite fY premeasure, FKATAT I HK Thm #3 H 52 2 /Y measure. Now use
HK:



6.1 product space and product measure [Fol 1.2, finished; 2.5]

Corollary 6.2

Jmeasure p :=py X - X ppon A= A; ® - - - A, extending .

(And if each y; are o-finite, then product measure 1 o-finite, M\ 1 2 unique extension.) 0

i, FATAN Ad, - - -, Ay 1Y measure HHg S T E A1) product measure.

6.1.7 associativity of product o-algebra and o-finite product measure

Corollary 6.3 (assotiativity)

A

A @A A3 = (A1 @A) @ A3 = A1 ® (A2 ® A3)

FH., if pu1, pa, p3 are o-finite, then:

1 X pg X piz = (1 X pi2) X p3 = pi1 X (p2 X p3) O

Proof DIY. Hij# play with def, 5 H %2/ o-finite [ premeasure f1t) HK extension unique 151

6.1.8 #N{AJFRR—N %] product measurable

A —A4~ 42 product measurable ), H75ZEAH B X143 measurable rectangle [/ preimage #[52
measurable [/ B[ A].
Suppose f : X — Y X Z is a function from a measurable space (X,.A) to a product measure space
(Y x Z,B1 ® Ba).
Claim: If f~!(B; x Bs) € A for each measurable rectangle By x By € B1®Bs, then f is an (A, B1 ®Bs)-

measurable function. V)

Proof KA product o-algebra [ iff [} measurable rectangles 4 fifi.
Hw7 H4 75— iU UEIIE A lemma.
e Hw7 HIATR DAL X A lemma 7535518 G12R E € A® A, If4 E ) diagonal —3¢ € A.
X EFR A R AL, HE AP measurable function ft) 3R, H.— ¢ /& product measurable f¥).
ZAF: (X, A, ), (Y, B,v) A arbitrary measure space (N5 %%: o-finite.), f : X - C,g: Y — C N

measurable functions.
ZEip:

h:= fg is (A® B)-measurable

FHAR f,9 & LA, A h e LY (u x v)

I H
/hd(uxy):</fdu></gdu)




6.2 Tonelli’s Thm [Fol 2.5]

Proof in hw 8. iX/|> statement F/x—> .A-measurable [1¥] K F1—> B-measurable [1] o5 L 17 3 F 2
(A ® B)-measurable [1].

6.2 Tonelli’s Thm [Fol 2.5]

FEA1HF focus on the case n = 2: (X, A, ), (Y, B,v), % &
(X xY,A®B,uxv)
M, B 0] PAYET 2 4F4r] finite > measure space fJ product |-.

6.2.1 £ C X xY Hj section
Def 6.2 (z-section, y-section)
257 product space FIEG EC X XY, XfT re X,yeY, Ff1EX:
Ey:={yeY|(z,y) € E}
EVY:={zeX|(z,y) €Y}

yo cmoes

EM&
| %0 g > X

M product space th ZIBIHL £ : X x ¥ — C X F 2 € X,y € ¥, RffIEL:
fa9) = /(@) = f(a,9)
FRE R, 53— RO, A

Example 6.2 X[ LB E C X x Y {055% L
[=xE
H2A:
fe=Xg., fY=xpv
XTF rectangle: E = Ax B,Ac A,Be B,

g, & A
E, = ?
B, z€A



6.2 Tonelli’s Thm [Fol 2.5]

Proposition 6.5

(@)
E,eB, VrxeX

Fe A B =
EVe A ,WyeY

(b)

fz 1s B-measurable Vz
fis A ® B-measurable —>

fYis A-measurable Yy

Proof (a) Let
E={ECXXxY |E,eBVreX and EYc€AVyeY}

Claim: € £ T A 1 rectangles, 3 H. £ a o-algebra.
BHUEWIX — /i AT, i A ® B BYE L CHt & A rectangles [/ o-algebra) 13 A ® B C &€, Mifii
(a) 3L
FHHHT (check) £, 1(V) = (f71(V)), (Similar for £,), (a) => (b).
Remark iX B = AFE0E R H:
o section FNEY preimage AJ |2\ 37 &[5 7
o X —> product measurable set, {T-& section H1 measurable
o XJF— product measurable function, /- section function t3 measurable
Remark 05— T X BIEW] 7, PARTILIY HeR D, X HIERAS M4 A HEH &4 B 515 IERAFRE#
EEUBHITREMBNES €87 MARESMH A BSTERMBNES.
X R B AT T RAGE I W 2 45 B BT E AN ) S G IR B AR T, LU A2 o-algebra 4%

Def 6.3 (monotone class)

Given a set X, a collection C' C P(X) is called a monotone class, if it is closed under countable

increasing unions and countable decreasing intersections

L)

W AR, —A o-algebra 7&—> monotone class. monotone class s&—~ I, o-algebra ¥ 551 & X.

6.2.2 tool needed to show Tonelli: Monotone Class Lemma

Lemma 6.3 (monotone class lemma)

Let A C P(X) be an algebra.
Define C "Nt & A [ #/)M1) montone class.

Claim:

< A>=C O

Proof C C< A > is trivial.

< A >C C: STS C /&2— o-algebra. see p.66. HARME AL tricky, {HA2 BB SEiERH C J&2—> algebra
(X —FRIBME. FATTRT E € C, define C(E) Jy C TG FIER R MZEWAIIIRAE C iy F M S,
HE XA T4 C(E) WIAFEZ— monotone class. MM C = C(F) );



6.2 Tonelli’s Thm [Fol 2.5]

RGN FAEER seq, H: B n WifY finite union (U, E;)seq & increasing seq, H: limit 5§ seq limit,
BT C .

B, %HF—E 4 2 algebra (A, B 42 81 monotone class 2512 4 i1 o-algebra.
XA lemma IFALTE T, AVEIERR T — 1% & 2 algebra J5, iIEBAE R — o-algebra, REEIEAE
closed under ctbl increasing union [ decreasing interection BJA]. (TR I F] FHiX#f set seq HY 4.
E AR FLATIRNIE C O A, 33 "8 A #f/MY monotone class” XA E270? AWE KR, T
AR B 2815

Let A C P(X) be an algebra, C O A be a monotone class, AR 4 —EH
C>(A)

Pk (A) ="f18 A /] monotone class™ C C.

6.2.3 Tonelli for sets: integrating a section to get product measure

Let (X, A, n), (Y, B, v) be o-finite measure spaces.
Take F € A ® B. Then:

x — v(Eg),y — u(E,) are measurable
H H.
(s x )(E) = [ v(Es) du(o) = [ w(E") dv)

XA EFRUL I E: 7E o-finite A9 measure spaces 4 i, f) product measure space H, /1% product
measurable set F, 4% x WL5%] E (1) x-section [ measure )’ INESE— T FHLHEETH) B
1T AR FTMAY.

I H, AT AE E 1 measure | “IFFA o, £ Y LB E B a-section f) measure, F3HiX—1T ATE
X TR K ZH. XL product measure 543 T 3. H following J& Tonelli ““$8 n 4> measure
spaces [ product FEIFRS R, » NMRA” BRI E .

vV

> X
Define:

C={ECXxY |z~ v(E,),y— n(E,) are measurable V(z,y) € F and---(2)}

Claim 1: C contains f B R rectangles. Proof of Claim 1: % & F = A x B € A x B, Bl ’j—> rectangle.
—lec 1, FkA] by def confirm: A x B C A® B.



6.2 Tonelli’s Thm [Fol 2.5]

A2 TAEER (2,y) € B, JATA: v(Ey) = v(B), X TIrAR (v,y) € B, WA v(E;) = 2.
FIr A TAERER @, v(Ey) = xa(x)v(B), A p(EY) = xa(x)u(A).
H S8 © — v(Ey),y — w(EY) 42 measurable 1], 7 H.

pxv(E) = u(A) x v(B) = u(A) /XB(y) dv(y) = /M(Ey) dv(y)

WL, ux v(E) = [v(Ey) du(x). NTIARIE. A, 33F4EE union of finite disjoint rectangles, iXMEit
1 B 3L, by additivity in definition. [H[fij C A—" algebra.

Note: H1T A ® B N & rectangles i/ o-algebra, I 1] REZERR C Ah— o-algebra, 4
T—EME A® B. H H by Monotone Class Lemma, STS: C JJ—“]> monotone class.

Claim 2: C 4—“> monotone class. 4 {E,} "4—> increasing seq in C, 3¢ X H: union 4 E := |J;” | E,.
I L
fa(y) == pu((En)")

4l C 11 definition, &4~ f,, #5/& measurable (), } HL3& 1125 2 UEHA:
fu 7 1) = p((E)?) prwise.
T2 Fl MCT, %55 153
[ vt =t [ (B dviy) = tim e x v(E) P pxo(E)
MIfi E € C.

It remains to show: C closed under ctbl decreasing intersection. A ix HLFR AT M 3] —> decreasing se-
quence H1[a] 24k M infinite measure 7%y finite measure [ [ 5%, i AT (I A BLFF UG43 11, v finite F] not
finite (but still o-finite) KRN E L] 1E. finite measure A FFH.0_F iR IX — [a] .

Case 1: p, v finite, T-5&4 {E,,} hJ—> decreasing seq in C, Fl increasing {%) %, similar, £33 pu((E,)Y) =:
o N\ f(y) := u((E)Y) ptwise., M by DCT (Hi p(X) “& donimating function), 5%

/ p(EY) dv(y) = lim / W((En)?) dv(y) = lim p x v(Ey) T o x v(E)

MIMFATTIERR THE 1, v -k finite measure FJfE L, C “A—> monotone class, M i A—~| o-algebra, M i
M@N CC.

Case 2: i, v o-finite measure: FX{ 7] DA X X Y 51 union of a seq of finite measure sets { X; X Y; }ien,
M2 /2 a union of increaasing seq of finite measure sets {X; x Y;}jen. B X; x Y; = ngl X; x Y M
A TR E e Mo N,

E = lim (BN (X; x Y}))

J—00

ST B0 (X x Y;), Bl T AR T Hi— i, 785
px V(EN (X; x Y)) = / v, (W)(EY 0 X;) duly)

AT B MCT., 72431
pxo(B) = [ n(E) dviy)



6.3 Fubini’s Theorem and Lebesgue integral in R™ [Fol 2.5, finished; 2.6]

A2 x v(E) = [ w(E ), T E € C, 1HiEE.

6.2.4 Tonelli’s Theorem

Let (X, A, ), (Y, B,v) be o-finite measure spaces.
S 4 f € LT(X x Y),
émlb

:/f(:c,y) dv € LY (X) h(y) :=/f(x,y) dp € LY(Y)

/fduxz/ //fxydu du(z) ©6.7)
— [ [ 16w du@)]aviw) (6.8)

Tonelli for sets &7~ T product measure {11352 5% 2-section 1 y measure, £ 2 € X |
AT AT 153, SX R product measure 47 i T HL> measure 574
Ii Tonelli’s Theorem FE/RX—~4E£1 product measurable function ,é}ﬁ]’l&{iﬁﬂ’,ﬁi}(ﬁ@ﬁ\ measure F2
4.
recall: 3171 measurable pREUAIFASY, HiE— seq of simple functions f{JFH431 sup, [fij simple function
FIFRAY, 342 JL/ measurable set f measure B 04 FA. [A]1 Tonelli’s Theorem J:7< I naturally follows
from Tonelli for sets.

B4, 3F f & simple function fY case, H#E follows from Tonelli for sets. (mentioned in remark.)

(22 HH

X general case: f € LT(X xY), % {fn} H— seq of simple functions ptwisely converging to f.

TR
/gdu:lim/gnduzlim/fnd(uxV)z/fd(uXV)

/hduzlim/hnd,u:lim/fnd(uxy):/fd(,uxy)

by MCT.

6.3 Fubini’s Theorem and Lebesgue integral in R" [Fol 2.5, finished; 2.6]

recall Tonelli’s Theorem: Given f € L1 (X x Y), set g(z) := [ fodv, h(y) := [ fYdu. Then g € LT(X),

he LH(Y), ABA:
/fd(uxu):/gdu:/hdu

/fdpxy /fxy ) dv(y)dp(s /fxy dp(z)dv(y)

/fd(uxy)://fdydu://fdp,du

JEIT el 51

Eb/ERETIRSH (=



6.3 Fubini’s Theorem and Lebesgue integral in R™ [Fol 2.5, finished; 2.6]

Corollary 6.5

if f € LY(X xY)and f > 0 then
o g(x) < oo forae. x

o h(y) <ooforae.y O

Remark ¥F product measure space | measurable {17 FH & %L, FEE- 0 b, #AGEG 12 £ 1) infinity
point.

Next: Fubini’s Theorem.

Fubini’s Theorem 72 Tonelli’s Theorem X} C-valued pR%Y (instead of R>o-valued) f#fE) . {H2 HSZUERAAR

trivial.

6.3.1 Fubini’s Theorem

Sft: f € LY (p x v),
Zhie:
o fr € LY(v) forae. z, f¥ € L'(p) for ae.

o The a.e. defined functions:

g(z) = /fx dv e L'(p), h(z):= /fy dv € L'(v)

[rawxn = [gdu= [nav = [[ 1 dpa :

Proof f =Ref+iIm f, so WLOG can assume f is R-valued.

X f = fT — f~, H$ apply Tonellis’s Thm 1] {5-.

Remark Tonelli and Fubini’s Theorem AN A FIFE R AR F 0 AREF T3, 10 ELAA FHAERL 407
S b MR T A AT AR B, B W 7 1 S R AR S 1Y), RSB AR f HE LT 3 L' space
BATPAT .

Example 6.3 SN 71 A3

&

(X7 A: M) = (Yv B: V) = (NaP(N)aﬂcounting)

if @y, € C for (m,n) € N? and

00 > Z |@mn| =1 sup Z |@m.n
m,n

F CN2finite (m,n)EF
Thm: ¥ FAER n € N, )", ams, conv absly to some b,, € C;
[ FE, XFFAERE m € N, Y, amn conv absly to ¢, € C. ALK Y by, Y, ¢y conv absly to Zm,n G-

Ik
Z Z |amn| = Z Z |amn| = Z |amn|

n=1m=1 m=1n=1 (m,n)eN?

10



6.3 Fubini’s Theorem and Lebesgue integral in R™ [Fol 2.5, finished; 2.6]

6.3.2 complete Fubini’s Theorem

B (X, A, 1), (Y, B, v) #f complete, product space (X x Y, A® B, u X v) 7Z—7E complete! (E
ZiHEKIRD complete)
Example 6.4 % & (X, A, u) = (Y,B,v) = (R, £, m) % [E— Vitali set.
V x {0} C R x {0} is a subnull set, not measurable

{E2 N3 FAT] consider completion:
(X XY, AR B, u xv)

%}F complete measure space (X, A, ), (Y, B,v), BUE A1) product measure space %] completion:
(X XY, A® B, x 1)
TN A B 5 EE L, nx v ‘{5 5E
Suppose f : X x Y — Cis L-measurable - H. f € LT(X\) or f € L*(\), WA
o fy J& B-measurable f{j for a.e. z H .z — [ f; dv J& measurable [

o fy J& A-measurable [¥] fora.e. y H y — [ f, du /& measurable )]
WH, 7 f e L'ON) BT, fo, fyo v = [ fo dv,y = [ fy du )2 integrable (g, B € L'()),

H H.
/fd)\—//fdudy—/ fdvdu
exercise. U faj EAL.

X—EHRE B, 76 1, v 52 complete measure {00 T, 1 X v ) completion u x v BIRFAR
%F ux v, BR L'(pxv) WEBERSETILLE L (1 > v) BRHHRY, NTIHRFEIRS. X
R AR L2 T — L ERMNEAZHEENFE, XLEEGASZMBMTE. X
— EHA H Y /2 Lebesgue integral on R™.

6.3.3 remark: integral of Jf £ 5 {25 F area under graph

A (X, A, u) H—> arbitrary measure space, f € LT (u) Ay arbitrary W {lE 1 R %L, FoA1E X
Gy ={(z,y) € X x[0,00]: 0 <y < f(x)}
Claim: Gy /& (A x B(R))-measurable 1], }f- H.

(ux m)(Gy) = [ 1 dn

In hw 6.
G B[ area under the graph of f. iX— statment j&—{IETXRIFRIE of ““integral of JE 1 FREE T
area under graph”. I T A DA = 2] L1 | (GEf part 1922), which is trivial.
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