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8.1.1 ;. and local average

Def 8.1 (locally integrable)

N measurable f : R” — C fF{F & bounded subset of R [-f{] integral #{ < oo, MJFK function
f :R™ — C J2 locally integrable (], G{E f € L (m).

loc

L]

Remark 28T [ FEEE compact set L fi) integral #f < oo:

/ fdm < oo
K
for all K ; 5% f ZE{EX open ball _E[1 integral #} < co:

/ fdm < oo
B(r,x)
for all x, r.

XAEH f € LY (m) B3 444 For example: JEL2pR5—E 2 L], 1.
Example 8.1 % &
f(z) =z, xzeR"

({1 polar coord) W5 k:

Def 8.2 (average)

%t f € L (m), PA K bounded and Lebesgue measurable E C R™ with m(E) > 0, &A1& X

loc
1
b= e o
b f £ E 1) average value.
i, 24 E — ball B(r, z) B, A1 ABAE:
Arf(z) = B(f,x) f
FRETLE o AHOH r 2420 ball Y average.

SRR f € L), A f(x) #42 jointly continuous in r and x ff]. (r > 0,7 € R™)

loc®

fe Llloc(m) <~ p>-n

Proof Suppose (z;,7;) — (z,r) in R™ x Ry.
J-& for sure:
m(B(xj,r;)) = m(B(,r))

I H. by DCT (M X B(r+1,20) 14 bound) A LATFH]:

/fXB(:Ej,Tj) *)/XB(I’T)
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8.1.2 Hardy-Littlewood maximal function

Def 8.3 (Hardy-Littlewood maximal function)

X f € L), FA1E XER HL maximal function 2A:
Hf(x):=sup A,|f|(z)
r>0

HF maximal pREL H f(x) R f IAEXHEREE «© A RBHE 5 K1) local average.

Theorem 8.1 (HL maximal function & measurable {Y)

XTAEE f € L., Hf #J2 measurable [

Proof Follows from lemma.
(H )" ((a,00)) = [J (A ) ((a,00))
r>0
52 open ), KA A, | f| ctn, ctn function | open set {] preimage 1, open.

Corollary 8.1

R f:R™ — [0, 00) J& lower semictn [, AB4 E— & Borel (thus Lebesgue) measurable.

8.1.3 Vitali-type convering lemma

XtF—4~ball B = B(z,r) PAJ&— constant ¢, FA T -
¢B := B(z,cr)

Lemma 8.2 (Vitali-type convering lemma)

For given collection of balls {B; C R"}* I_1, TF1E disjoint subcollection {Bj,, - -+ , Bj,, } fifif%

U B; c | J(3B;,)
j=1 i=1

m

k
m(lJ B) < 3'm(J(35,)

Proof Greedy Algrithm: B #2234 2R K/ NER, BUH K /Y disjoint subcollection.
Prove without words:
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(EF RGBSR — SR B T BT A R AER R intersect [ o EBR; ZEX AN FE T, G FIEi T 3 R ERG
intersection [ BRASHEHE CLFELEIZER ) A5 Bk HL.)

8.1.4 Hardy-Littlewood maximal theorem

Theorem 8.2 (HL maximal theorem)
For L'(m™), take constant C' := 3", WXf F{F5& f € L*(m"), #A:

mife: Hi@) > a) < < [1f

Proof Set
Ey,:={x:Hf(z) >a} CR"

A1 by def of H f, ¥ TAEEH © € Ey HAFAE v [#15
1
mwmmxf ]
B(z,rs)

a
X F compact K € E,, —Ef71F finite subcovering { B(z;,7;)} covers K.
F+& Apply Vitali-type covering Lemma:

mlK) £ 3" m(3B(w ) =3 S m(Bair) <5 [ 17

F4& by inner regularity, taking sup over all compact subsets f5:jif-.

Remark %X /& HL max Thm f)—#B4, 55— 42 LP space Y. iX—#%r37~ T HL maximal operator
i) weakly boundedness.

Notice: H J&—/NM LP space (t4b4 LY) 2| H S 19 (nonlinear) operator.

recall, — operator [} (strongly) boundedness % /x:

|ITf|l <C|f]l, forall f (in the function space)
fii weakly boundedness &7 — & [ ] 4 il P 8K R E(EL R AN eRE(ELAY A5 5 L (with respect
to measure) #&/|>.
(will prove: 3tF p > 1, H BLfg strongly boundedness.)
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Remark F{TA] PA compare the HL ineq FI Markov ineq. Markov ineq 7R, X T1F5 f € LY (n) #H
mi{f>ap < [1f

8.2 Lebesgue differentiation Theorem [Fol 3.4]

XFh: Folland 3.4(2)

Def 8.4 (Lebesgue set)

FATE L% f € L], (R™) ) Lebesgue set y:

L= &2 B 5 g [f(y) = f(z)] dy = 0}
H A 431 point #F5 k—1~ Lebesgue point. &
Remark —4~ Lebesgue point x H[I3 £
Tim A,lf — f(2)](x) =0
[ AT IR B, 3 2R A S T
i A, f(2) = f(2)
Rl: 1% P UTH) average value of f EF f EBLRRIE. HH
1
Arf(z) — f(z) = W/B(z,r)fdy - f(=) (8.1)
1 f(x)
- - dy — ————~L— 1d 8.2
m(B(z,) /B@,r) T B@n) /BW) Y ®2
1
- . d .
B Sy~ TP (83
A[f = f(@)] () (8.4)
& Al f — f(o)|(x) SO AEL. B PR EE T 0 i B2 A1 A7)
8.2.1 original LDT: locally L' @#{/LF&5—aMiEf) & ERREFX— & LHE
Theorem 8.3 (Lebesgue differentition theorem)
XL f € Li,.(R™), Ly is Leb mble and m(L5) = 0. .

Proof HFXFALE « #HA:
f(z) = ]\}1_{%0 Ixso.n)(T)

JITPA it suffices to prove the statement for fx (o, n) for £ N

R fxson) 21 L' function. [A i HZ5% prove the statement for f € L'(R™) 57 DA generalize it to
f € L, .(R™). Hifii WLOG suppose f € L*(R").

B e, itis true for f € CO(R™). (%5 check: FEHE SIELMEN 2 LAEDS imply 7EiX — I EETIX— 5
I{HD.

In other cases, FATFEFH CO(R™) £ L1 (R™) 1] density.
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Let
Q(SL‘, 7“) = Ar|f - f(l‘)|(fl))

X &> nonnegative function. {¥ &, [/~ lec FFATUEIH T A, f(x) /& jointly continuous in r and x H.
M Q(x,r) 2 jointly continuous in r and = [1.
FATBE 5 E XL

Q(z) :=lim sup Q(z,r)

r—0+
T2z — Q F24TF maximal function [1{J— MEK. K5 56E E /2 measurable [1). F{] WTS:
m({zx:Q(x) >0})=0
ZEH T show:
m({Q >a})=0 foralla= %, n €N

Let € > 0. By density of CO(R™) in L' (R™), A 17] DA pick g € CY(R™) s.t.

/|f9<6

By triangular ineq in L', for a.e. x € R we have:

Arlf = f(@)[(x) < Arlf — gl(z) + Arlg — 9(2)|(2) + Ar| f(2) — g(2)|(2)
where
(constant) A,|f(z) — g(x)[(z) = |f(z) — g(x)]
A putting r — 07, we have A,.|f — f(x)|(z) = Q(z), AN Ar|f — gl(x) — H(f — g)(z); Wi _FiRA
RN
Qz) < H(f —g)(z) + 0+ |f(z) — g(z)]
M — A
m({Q > a}) < m{H(f = g) > TH +m({|f — g > T}
F A4 #IPA HL max Thm £ Chebyshev’s Thm bound {45 13X 4201, 1581

m@>ap <25 [1r—g+2 [1r-g < 2m+ne =0

M.

r €L, (R") = lim A,.f(z) = f(z) a.e.

r—0t

If z € Ly then
[, VW) = @) dy| < 1(7) = f@) dy =0

z,r)
FATHCHTE £ verify T : Lebesgue point {{) 52 X lim, g+ Ar|f—f(2)|(z) = 0F1 lim, g+ A, f(2) =
f(x) 250,
[Hl i Lebesgue Differentiation Thm HJZ275: locally L' @)L 5 — SHHEMREYEHEFX—S
HIE.
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S, locally L' B— MRS EAE. HA |, H3 R measurable function H REAG 11 £ 114 unbounded
points, 3X AR HUHE A locally L' ). FiPA LDT FRIRAIR A % 87T & UL F-5— A & S35 {E 4R
%":FJZ—,'%J:H’ME-

Remark 7 Hw 8 Hf prove LDT ) LP A XFALER 1 < p < oo, W f € LP(R), HA

lim — / ) - f@P dy =0 foraes

8.2.2 density of a set at a point

Def 8.5 (density of a set at a point)

X}F E C R™ Lebesgue measurable (which implies: xg € L}OC), F1E X

.. m(EnB(z,r))
Dele) = lm = )

Remark density, — A e — A 5 BB, PR B

DeW=g- D=1

X MR ERAT N, FRX A A AEX A L locally (5 1) HL A1 i) T (AR R

R — DL A, — D RIEAE, A ARURA K. (He Q@ A7 B R 117 H A W W 2 252
MG, Sfe BTN AR R

Aid, LDT #5iff3A17:

Corollary 8.3

%}F E C R™ Lebesgue measurable (which implies: xg € L}, .), —EA:

1, forae.z € FE
DE(:L‘) =
0, forae.z € E°

Proof [A}3iX~ indicator function & measurable [, DA J locally L' ). i PAETE = AbRY density a5 X
TETE « SHE NINE E Fae i 1,7 EC I ae 0 REE.
Example 8.2 Ff7iX B/ 4-—4E behavior HAFFIRII S A, & 4EF X NEARY density.

2 1 1

_{O}UU[3 217 2

57

X 42— closed set.
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Q I I
el W0 yaun  Cgparalitieds

°1‘#3Lf% '

ST 2 € E°, Dg(z) = 1.

%« ¢ B, Dp(z) = 0.

W @ € OF, Dp(a) = L. (R[EN—i7E E B, —H A7 E 1)

T € 0, Dg(0) undefined. [F k43 B 25 ORI SL 0B, XA LU a9 95 2280 AR5 K. (5 2 UE B M
FRATEAE.)

1M SO, AEH o € (0, 1), ABRAHL

<11 a
E'_anjl(n’n n(n—l))
A
Dp(0) =2

2
SqF 53 =

dld-3) o)

Toadly = oy

A VI Y1/ |

L ! 1
s ¥ 3 +
77711

X

B AT, harmonic seq BZE m A8 T/ NIHEERRENR. 45 0 BORROTFOL R, #H5KIR] J, L
T4 Jugx ATRIIAIG K BT AIEGABERN, m(J,)/m(UpsvJi) = 0. FFDL, it 7 RrF 92 Lidy L,
ERZSOHI T\ L R

5571, FTHIA 951U geometric seq (47 5 IKI Jo RS D fail, P J 9 4CHE TS
Oz MBI T 45 () = (U i), BLICTERE 1 BTS00 BRI 25,0 BEIR) S GE78 0 AL H %
HETEESE .

8.2.3 generalized LDT

genralized LDT FE/RIHEARAFN (RuA2 ball) IUTEIT A, LDT K statement {/59% stay true. Hl, A a
family of Lebesgue mble sets £, shrink nicely to z, LDT i &.

X f € L (R™), L& « € Ly, 4 {E,(z)} A a family of Lebesgue measurable sets, H:H %} T4

loc

™ E,(z) #A:
E.(z) C B(z,r)
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I H.

for some 0 < ar < 1.
A

=0 foraex

UEMAR {7 B, Hh
S @) = f@dy [ @) —f@)dy [ @) — f(@)]dy
m < lim <

T REE) ST mEm@) S emB@)

LDT fi f S E 22— X T 1 Lebesgue 1533218 THI—#HZLR) FTC:

T f € L, (R), fElL « € Ly, #K
T+

lim1 dem:f(x)

r=071 /.

H generally, B3R/~ H— K4 f 7F measurable set [ X} measure m FJFRME E X H ) measure v, X}
F m B Radon-Nikodym F:4§.
i V(Er)
r—l>r(r)lﬂL m(ET)
Zé78 T Euclidean space |+, M measure H A% PR Radon-Nikodym S-£§ 10 /5 2.
2 JG %42 >] Radon-Nikodym Theory, K40 EH, 5| AT Z R FTC JE. M IATHE T4
eI LP space theory.

= f(z)
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