Module 10 signed measure and Jordan decomposition

10.1 signed measure [Fol 3.1]

10.1.1 remainder: Z§j Folland # &

FATH i finish T Folland [¥) Chl, Ch2, 6.1 By £ &}, 3.4 By KEB 4,
HSEAEXA lec HIA —4 lec $£ T Folland 5.1, 6.2 [)—¥4%, TEi% HLILZ4 T 3% A lec, HUEHAE T
3.1-3.3 4Rz 5. i 2 th T H A UER] Radon-Nikodym Thm, ¥4 2511 TH 258 M

() =11
HIIER] (22 T —> proof surjectivity of the isometry g — £g). NFREZI N A ZALEHHER Hiff.
IAFFR A T4 171 ) Ch3 ) signed measure and differentiation between measures [ theory, ¥F3E T 5EHRY a few
lectures F finish #52 Ch3.
& finish # Ch3 J5, FoATR IR LB R HIRLEHEDE LP space HYFRIE, MM finish 58 6.2, K558 6.3,
6.4 i)—#B4y, PA S a bit Hilbert space theory £1 Fourier Analysis.
What will not be covered: Ch4 on point set topology (assume we have learned part of it, and the rest is not
needed to be learned systematically) DA S 431972 2R 70 BT N 25 (should be covered in functional analysis course

next semester).

10.1.2 signed measure
Motivation: F&{JHBHIiE, X+ nonnegative measurable f Rl f € LT,
v(E) := / fdu
E

i# 17 integration of the function with respect to some measure u & X H T % —4> measure v.
But what about f € L'?

Def 10.1 (signed measure)

—~ signed measure on a measurable space (X, .A) J&—> function v : A — [—00,00) HH v: A —
(—00, 0], 1L 1B meausre —FEi# B () = 0 WL K ctbl disjoint additivity.

Note: signed measure H admit 400 il —oo H—ME (AR URIRFEEFRINES v(4A) = oo,
v(B) = —o0)

L]

JIF A 1Y measure #f 42 signed measure. & T 5 1E 1Y) measures Fl signed measures [18 X 51, FA]
PR @AY measure 4 positive measure.
signed measure S fiw 7] — I FY), B2 ffi 1] positive HL 2 fi ] negatve, FEMUE LI AXFR. PIh—BEA
v(A) = oo HIABEA signed measure Sh —oo WA, RZIRK. J3— g — AT, AE N — DA BRI
=2
Example 10.1 255, 51k



10.1 signed measure [Fol 3.1]

Proposition 10.1

X positive measure ji1, po, AR HAFH £ /0—A2 finite [, HEA

V= — 2
=" signed measure. .
This follows from ctbl disjoint additivity. (-]~ ctbl sum JIF )
Example 10.2
Proposition 10.2
%}F measurable function f, fIIR fT Al f~ hEDH AR LAY (XINEUEFT f € LY WifkA
f is extended p-integrable), AR,
W(E) = [ 1 du
E
B2 —> well-defined ) signed measure. N
This follows from that (1) X} F f € LT, v(E) := [ f dp & X T—4> measure; (2) L-—~> proposition.
10.1.3 signed measure f CFB, CFA
Proposition 10.3 (CFB and CFA)
#57E signed measure v, XfJ* increasing seq Ej,
v E;) = lim v(E;
() 5:) = Jim (&)
XIF decreasing seq Fj, A
V(Ol ) = i o)
= )
Proof Fl positive measure ) CFB, CFA —3%{(.
10.1.4 positive / negative / null set
Elementary fact: %fT* signed measure i 5,
AC B #=v(A) <v(B)
B2
Lemma 10.1
¥ signed measure v, £l measurable A C B,
V(A) =00 = v(B) =0
DA S [] 3
v(A) = —o0 = v(B) = —00 O




10.1 signed measure [Fol 3.1]

Proof X2ZMHK
B=AU(B\A)

T AT signed measure, JALF 0o, —o0 HHE—FEIL, M AE v(B \ A) i) measure 5[7] [ Fo55
BE A 55, #RREEHE th B ¥ measure H[5] [n] JG55 .

Remark IXAMEFTRR T signed measure [ E M —B—NESE L FH measure, ESMEAIIE(T su-
perset —E B [E[EAY TS measure.

Def 10.2 (positive set, negative set, null set)

Y5 7€ signed measure v, T E € A, {18 E &— postive set, LIHRNT X TEEW F C E,
1%

v(F) >0

negative set £ null set [7] 3.
Note: For signed measure, — & HY signed measure 4 0 F AR R EREAFEHR measure 13
& 0, BRI PN IE S measure AHHRHYEE A1) union. KM ATEIX AR AP E X null set. &

Remark null set B2 positive set, ¥ J& negative set.

Lemma 10.2 (measurable subset preserves sign)

measurable subset of a measurable set /' C E preserves the sign of E.

Bl: E J&—> positive / null / negative = {T-& F C E /&—]> positive / null / negative. O

Proof By def, nJ DA by contradiction f5:%].

Lemma 10.3 (positive, negative, null set Y [5E0 14 i F1E 18 AY measure space —Ff)

W E 2&—> positive set for signed measure v, A4

FCE = v(F) < v(E)
i E—A lemma, E LA T WA XA T E BABE—EEH) measure space.
3, 43R B 2—> negative set, 4

FCE = v(F)>v(E)
AT B Rt 4@ — Al Y measure space, NN FHA 4 £119 measure il 17— A5

Remark positive, negative, null set i/2iX ] signed measure space H1{Y "ARER S, TEX 0 B, XA

subspace FH 4T — -3 Y} measure space.

negative set positive set
RERARHER) (RN LK)

L+



10.1 signed measure [Fol 3.1]

Countable union of positive / negative / null sets /59X /& positive / negative / null sets.

Follows from Def. fEAi]—A~ £ B 7480l 200X A B, Ba, - -+ R RLEAE AR T4R R at most
ctbl disjoint union, whose measure add up to remain positive / negative / null measure.
Pad

Question: %455 signed measure v, ‘B &7 —E GE#E decompose into -]~ positive measure [1}] difference?

v=vt—uv7?

Turns out that: there exists a canonical way to do this. XM RFEBEHE—RY, H HIERE 95 mER 5
RAEZH (RFE—NEAEEAEIE 0 49 positive measure XHIE 0 K negative measure). Ff1HKX 4>
signed measure decomposition “# Jordan decomposition.

AT TS UER Jordan decomposition. 33 F7 #EF A 155 IERH—1~15:%1] Jordan decomposition [ ¢ 5 A IE:
Hahn Decomposition.

Hahn Decomposition Theorem F7~: fEE&—" signed measure FJEEANTE X X9 AT a.e. FER
HY positive set P F1 negative set V.

XAEERRRAEFEA . B 9FARITE, fE—> positive / negative / null set INE, FATA MEE RV M —
/M35 1) measure space. [A][fij, Hahn Decomposition Theorem iR T {T: 5 —~ signed measure HRFCEEA
25 18] X R4 BN 35 1) measure space, H 1 —ANKIAF5F measure 28 E] 171, X ELEAS state T
Jordan decomposition ] A %¥.

10.1.5 Hahn Decomposition

%} 4T & measurable space (X, .A) 4T signed measure v, FLAF-FE—A> positive set P Fl—>

negative set IV s.t.

PNN=9go
I H

PUN=X
Bl X %% v %43 F—> positive measure space F1—{~ negative measure space.
- H., iX4™ decomposition ZEHE—HY, in v-a.e. sense: H[I, {15 P’, N’ /& another pair of such decom-
position, WIRA:

PAP' = NAN’ isnull set




10.1 signed measure [Fol 3.1]

Uniqueness 52 just be definition [, KB T P, N KEBRY null sets ATIABE =R XA X H 250, Hith
FEEH 2 ™8 HY positive set 1 negative set, NA] §EF £ =~ decomposition. [X]]fij STS existence.
WLOG #JE v 4~ admit co (£ 2 admit —oo). This makes sense [X >} otherwise we can consider —v.

Set:
m :=sup{v(E) : E € A positive set}

Pick seq of positive sets (P;) in A s.t.

v(P) /m
(3% 4& doable fJ[H "M AE positive sets {5745 1L #5 #Y measure space, I HiX B finite measure.) Jf set
o0
P:=J P
j=1
M P )2 positive (17 H.
v(P)=m < oo
Set:

N = P°¢

H I show N /g negative set, Fif3E T .
F& A7 argue by contradiction.
fii% N AJ2 negative set, IBAfFAE A C N s.t. v(A) > 0.

Pick n1 € N the smallest number {§f5-7Z4E A1 C N s.t.
1
A > —
v(4r) > -
Note A; NAJBERZ positive set, {71 P U A ¥f5&— positive set 7 H. v(P U A1) > m, contradicting with
m being the sup of measure among positive sets.

R Ay H, WANAFAE negative measure i) set. F A1 H pick no € N, the smallest number [fif5474F By C N

S.t.
1
<
v(Bg) < s
Ry .
_ < <
ng —1 V<B2) R %))
Ff Set
A2 = A1 \ B2
INIITE .
v(As) > v(A) + —
ng
FeA recursively X 43, 153 positive measure fi] seq (A,,) s.t.

NDA DA D -+
v(4)) > v(Aja) + 5
forany E C Aj,v(E) < v(4;) + —L

njp1—1




10.2 Jordan decomposition [Fol 3.1, finished]

notice: A; iX> seq {Y measure & B Y. FATH

K-/ A F positive measure, iX-7> measure — & A &, MIMIXA series WS, KA
nj — oo as j— o0
Mz wilF B, A ANFESE positive set, ITPAFAE B C A {15 v(B) < 0.
Set
A=A\ B

TR 1
v(A") > v(A)+—, forsomen >1
n

HF nj — oo, for some j > 14 n < nj. FATHEXAS § F fixit. 11T v(A) AT v(A;) FRK, W] ATGH]
v(A) > v(A) + % > v(Aj) + % forall j > 1

XA, AT B A; RERT—MEDE L HANENESSIR.

{HJE, recall how we picked n;: n; /& the smallest number {{13/77E B C A; s.t. v(B) < —%, Fax B

n < n; FJE. ML

Remark iX~ proof (I SR MERE R

BT 2 AL A Q2R N A — A8, I B n] DA S| — D IE I 4. T IE

T4 by def AR B AEIEAE A, AT DATE HL 4R 2 — D AR &, 128 s, (H2 R T R ER 598

A RERAIIE R A (WL 2R ERT), TRIATAT AEUCERTER TRy Ay ERRBE—E845 B,

inductively UATIXATH, WX MT ARG H] — DRI IEN G A, by assumption 3% 1E

JE AT R

IRIG A2 UBMERY IHB i He vl R FofTA 2 A 24aiEny, M m MR &, A H LA ToE

PR L (B, BATR AT — DA EERAGEP I SR EiEm il E & & skt BTz, B8

EHTREBSIMNENESKHRE A BAFE4EMN, FLERTUEEE—MET -1 MHaleE

&, MXMEHERIE n EK, BEEDN n; > n, MEMBEEFET R/ n; /£ bound, {H2 X B155)

AN A — /N n AT DAESE, R T )&,




10.2 Jordan decomposition [Fol 3.1, finished]

10.2 Jordan decomposition [Fol 3.1, finished]

XA ) signed measure v, {12 4 138 Hahn-Decomposition fIEFH & —E HU4EE 70— positive

set P F1—~ negative set N, Ff H. unique in v-a.e. sense.
g q

Example 10.3 Consider mble space (N, P(N)), % & H
v({n}) =n—3
Fi1 countable subadditivity 4 i [1%) signed measure. M M:
P=1{1,2,3}, N=N\P
WA DAE 3 4432k N, K {3}, @ 2 iX HLME—HY null set.

10.2.1 mutually singular s.m.

Def 10.3 (mutually singular)

FATTHRP A signed measure v1, 15 on (X, A) J& mutually singular [, 415 X = Fy U By, i E; 2
v; I null set.

&7 FRLITT 75 2 X 1> measure 7] DA

live on disjoint sets, £ X} 5 live on 3547 &2 null f).

Remark Note: Mutually Singular - AESR XA E—MNMES, XF sm. 22— K 0 (HENZZE
4:4E X); mutually singular ZIR1 2 : FE—E of X, EHXEA s.m. FE—ILZ null B, AITTE
EWAT5E L, v+ v XA sam. AT vy Al ve.
FATIHIIE, (positive) measure L TE YK ECE MR A%, o — BAEREANES FAE, EAEXMEANITE
HEAE_ AR SR WE, BN T]E P4~ measure positive [ 5E AN, {H 2 mutually singular /{3
)2 iXF/ measure H T LI XIE5E 2 A E.
Example 10.4 1. 8 f7f5 measurable set map to 0 f¥] trivial measure {2 s.m. & mutually singular.
2. P

(X, A) = (R,B(R))

FRA73%E4E Lebesgue measure as vy, discrete measure as vo, Cantor measure as 3.

00
vyi=m, V2= § Cj(sxja V3 1= UCantor
Jj=1



10.2 Jordan decomposition [Fol 3.1, finished]

FAT AP X =~ measure F (T E P EF 2 mutually singular (1.
(A& discrete measure SCFFIHES {;17° /& countable [¥), m({z;}7°) = 0; MXFT ({z;}7°)°, X MEAZ
discrete measure [ null set, [F B AEE5TEER seq F LM JCZ, showing that

ml i Cjlu;
j=1
[A] B, recall Cantor set [ Lebesgue meausre 4 0, MIfi ] PAFH C FI R\ C #)43E) 3k 154 H
HCantor LM
F H.[5 B, BT Cantor measure 3%/ atom, BJH A {F-fa]— B 5 £E Y Cantor measure HRS2 0, M A/ W]
PASRIT {z; 37° A ({2 37°)° 20 FRAIA:

00
HCantorL Z Cj 5zj
Jj=1

10.2.2 Jordan Decomposition Thm

WA, FATXT B € Aset

vH(E)=v(ENP)>0
PAK

v (E)=v(ENN)>0

XFF s.m. v, AT Hahn Decomposition 53] P LU N = X.
Now let

Then:
o v, v™ & (X, A) i positive measure
o v, v™ MEMNF—E finite measure (Xf T v admit {52 oo B2 —00)

(]

vt 1lv™
1. B8R, vt v #R/E positive BEL, I HH T
o0 o0
(UE]) nP=||(EnP)
=1 j=1
([F]# for intersecting N), ‘B {13 /& countable disjoint additivity, [ [fj =2 (X,.A) [ positive measure.
2. By signed measure {5E X, v Fl v WhIIAE — finite. [A otherwise, YR AFAEFAE S XA

measure #f infinite measure NI not well-defined (contracting well-definedness of v); U ANIFAE X AL S
I  admit both oo and —oo (contradicting that v H admit £ £ —A4~T5%5).



10.2 Jordan decomposition [Fol 3.1, finished]

& H. 4% by Hahn Decomposition [1]. K A{T-{a]—> measurable set E # 0] PAFF2 1,
(ENP)U(ENN)

4. Directly follows from Hahn Decomposition.

Remark KA1 PA compare

W4 forv : A — R, with
f=r=r
W4 for f - X — R.
AR MHSZL TN E ), A measure VEHFESEAVENTTE L.

f* is defined by:
fF = max{£f,0} >0

and characterized by:
{Ff#£00U{f #0}=2

Il v is defined by:

and characterized by:

T TEIF A T3 Jordan decomposition:

Theorem 10.2 (Jordan decomposition theorem)

XL s.m. v on (X, A), EAFAEME—HY) positive measure v, v~ s.t.
o v v J& (X, A) LI positive measure
o v, v~ HEMHF—/E finite measure (Kf [V | v admit [} £ co if 42 —00)

vt lv™ Q

Proof Existence Ffi2 Hl—1> lemma —f#—#f. F{ 14118, Jordan decomposition [i*) il & 4%k H T Hahn
decomposition f{)4x 54 E.
STS Uniqueness:



10.2 Jordan decomposition [Fol 3.1, finished]

FA14 v = v — v~ KL Hahn Decomposition 5|y Jordan decomposition, H:H v Ly~ 45| sup-
ported on P fil N.
Suppose v = u — u~ 25— decomposition s.t. uT L pu~. TEFEE, F € As.t

EUF=X, pu"(E)=p (F)=0
FAVEM: X = EU F j&%— Hahn Decomposition of v. [Hfij
PAE = NAF is v-null
M FAER A € A,
p(A) = H(ANE)=v(ANE)=v(ANP) = v (A)
S|

PAS R, v = . A5IE.

10.2.3 total variation measure

Def 10.4 (total variation measure)

lv| :=vt + v~

Totcal variation measure FlJf s.m. [ % &R, 7] PAZEEL— P RBUW X E R AT 3 SrY KR, N
f=fr=fr \f=rt+r
ERXHL, XA | - | S RLHER | - | SR ESOFA—F X4 v| HAR v MEHMERS. &

positive, negative, null sets _I, |v| #1552 v I ZEXHE R AL, {H/2 TERERBE A positive measure FE3 45, X &

negative measure FJEB 5 HIE S, TR total variation measure 2 Z L ERIE s.m. BJZEXH{EE KRY.

B A #E R s.m. [ total variation measure, F/RFEANESNTL, JR s.m. MIEF| R AKTE.
Lemma 10.6

lv| & (X, A) fJ positive measure.
FH. |v| finite iff v A1 v~ #F finite.
(Then we define: FXA1FR v 42 finite ¥, if |v| finite p.m.)

Proof trivial.

10.2.4 integration w.r.t. s.m.

Def 10.5 (integration w.r.t. signed measure)

*}F signed measure v, F&f] set:
L'(v) .= L' (Jv|) = L* @) n LY(v7)
HXFFEA f € L (v), Ffi] set:

/fdz/ :=/fdz/+—/fdy_ .

10




10.2 Jordan decomposition [Fol 3.1, finished]

Proposition 10.4

FATAE, ¥R pm. jon (X,4) BAK f € L (u),
v = d
(B) qu

EXT (X, A) FR)—A s.m.
MaE AR R sm., S TEE—NEc A EK:
fm=/ﬁw
FE
M
Mm=/mw
FE

Proof X2 KR -HFATE 5 I, by the procedure of Hahn decomp,
r€P < f(z)>0

i
B = [ fdu= [ frau
En{f>0} E

We will learn that: 3X/~ f IFJ& v w.r.t. p f) Radon-Nikodym derivative, M fij f(x) FRIEFATTEAL, v H
X p WA #a . T total variation measure of v 1F 2 4B FTA W JCE F AKX NS0 #a FAERBUE (RPHUE
AR, ANE T ) 1521

Lemma 10.7 (total variation measure BYJ14$ &)
4 vbeasm. on (X, A), Ee A N

W(E)] < vI(E)

Enllwrt. v <= [v|(E)=0 < vT(E)=v (E)=0

o W k& (X, A) FHyH—4 s.m., N

klv < kl|v| <= klvTandkl v~

Proof By def 715

XA TIRHELE
o FA1E X T signed measure;
o FRATEI—A> signed measure QAT null sets, — 5 A] PAME—Hu4 208 i — >4 positive set Fl
—/|~4= negative set;
o Ff HABAI AR X (1 =4, FATWAFE] TR s.m. v (9 "5 v = vt — v, XA
o FA1E X T total varation measure of a s.m., |v| := v + v,

o JMIE LT AREM RN T —A> s.m. v 2 AFRE: XF vF, v~ HERIFREIAT. AT general fY

11



10.2 Jordan decomposition [Fol 3.1, finished]

- (/Refdu++¢/1mfdy+> - </Refdu—+z'/1mfdy—>
- ((/Ref+dy+—/Ref dvt) +z’(/1mf+du+—/1mfdl/+)>
_ <(/Ref+dz/_ —/Ref_dy_) +i(/1mf+du— —/Imf‘dv‘))

XA T RAE T /MU FATH BRI X A%, QRG] complex measure [,
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