Module 11 Radon-Nikodym theorem

11.1 Radon-Nikodym Theorem [Fol 3.2]

PA R 42~ instructive [y questions:

Question 1: Given =/ s.m. on

00
H=m+ Z cjé-'l'j + HCantor
Jj=1

on (R, B(R)), FATATEHM p H recover HiH—> measure, without %3 ##j-{~ measure?
HCantor = (?)M
Question 2: 45 —AMERM p.m. p, PAK—MEREM s.m. v on (X, A),
WA KB R AFAE—A f € LY (), i3
FE) = d
uE) = [ Fau
PAS, WNARAFAE, Al $RBX AR —A f?

11.1.1 absolutely continuous: v < p

Def 11.1 (a s.m. absolutely continuous w.r.t. a p.m.)

257 pom. p Al s.m. von (X, A), FATFK v is absolutely continuous w.r.t. p, U5
VEcA, wE)=0 = v(E)=0

Bl v 14 null sets f155 7 p WITA null sets. (v PG E p 45 5 2 1) null sets)

EiE

mutually singular absolutely continuous
u
[ v v

Figure 11.1: mutually singular and absolutely continuous

vip RoREIE v HRZTUHMKBEEARE, M v < ¢ TR v HITHUHKIBELEEE 0 H
MBURIRIBE (F 2 o A I 351 v A2 AR X ).
Example 11.1 f € LY (), v(E) := [, f dp, RS2 SCHAY s.m., B2 2

v
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Example 11.2

[e.e]

vyi=m, V= § Cj(swja V3 = UCantor
Jj=1

iX =~ measure

vi Kvj Vi
‘BAT/ZE mutually singular (7). X T HAUEEWA v, vy, KB CEFE— RIS v £ E FJZ null 1)
1M vy 75 B¢ Fog null §). IBAWR v < vy, WEER] v; 78 B¢ EE null 19, AB4 v; TREEAS X B#fZ
null 1), $iRH v; /& —> trivial measure.
IR, X B =~ measure HRA & trivial measure, K BEf12 8] abs ctn [1] X £&.

Proposition 11.1 (absolutely continuous HJ'45R)

v <p = vi<pandv” < p
(&2 IEH)
]
vlipandv <y = v=>0
(WA B &EH) Py

FAT0] PAFE absolutely ctn AR &M —A4> s.m. wrt —4> p.m. §J&F]—1> s.m. wrt —/* s.m., by taking )5

T X~ s.m. [f total variation measure:
say v < i, if v < |p
{HZ Folland F/RFATZ J5H A5 2 H BiX A general 1)7E L. FIAANHTERE.

1112 v < 1 IENEHE

question: A1 21X 58 X BNl absolutely continuous, ‘& #/l continuous X MAZ|JEA 4K FR. FHIX
A~ theorem P B T iX— 5.

Theorem 11.1 (why it is called ’absolutely continuous”)

A v A— finite s.m., 1 “h—> p.m. on (X, A).
Claim:

v = Ye>0,36>0s.t [v(E)| < ewhenever u(E) < 0 @

Remark 281 f(2) is uniform ctn function of z: XL € HLEAE 0 15 |f(y) — f(x)| < e whenever
|z —y| <.

Ifii finite s.m. [ absolutely ctn v < p i —NIELETEFR IR FATTPA measure p VA K/ REE R,
MFEEES, MEHHETRNEZESEZE p-K/ b IEREFH E— p-NESR), v BRI ZHXTF
XA p- KN ZELEN. FTAEBUXA p-KNEERE, £15 v HENSZESY
FTATELAFZ T AL, ZAEATZHHEH "y < p RTFWE v HRTZUHKIETEEEE o« HRE
R E” —BHY, X BT finite v 523 p WP CR AR R PSR K3 BEAR UG TR
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p 1) variation X474t B variation, AR ABUE A THHXT variation [ K HLHI, AB4 B2 0] DAE T 1, 48 v 1)
variation 55| ZE X4 variation H {52 F.
Proof (i) to (i1): FAH H Sk, #1 limsup.
Assume (i), }- suppose for contradiction that (ii) A~ 537
HEALEAE € > 0 s.t. XL n e N, BFEIE—"1 seq B, € Ast. u(Ey,) < 2% v(E,) > e for each n.
Set o -
E = limnsupE = ﬂ U Ey

n=1k=n

Ei A WL NSV SN RS S AE

F, = | B
k=n
i
=1 1
N(Fn) = Z ok = 27
k=n
NIEEE:IR
n(E) =0
M+ v(F),) > e for each n, we have
v(E) > e

X5 v < pcontradict. MTIFEIE: v < p = §-€ argument.
1M §-€ argument —> v < pu 4g trivial [14.

11.1.3 RN derivative and RN Thm

11.1.4 RN derivative: (if exist) express how v can be induced from

Def 11.2 (Radon-Nikodym derivative)

.m.
X {P H on (X, A), WRAFAE—1 A-measurable f, {§if5 v > the signed measure v induced

s.m. v

by 1 and f:
V(E)z/fdu, VE € A
E

NFx f is the Radon-Nikodym Derivative of v w.r.t. 1. S{F

B
dv = fdu

Radon-Nikodym derivative f Z| ) 2EE—5 v € X L, signed I F v 1B3TFME 1 B9T{LiEZR.
We sometimes call v the signed measure f dy.
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Example 11.3 B LS measure ;z on (R, B(R)), with F' = 2.

Fi[IS7% \
pr((a,b)) = e — e = / 222 dx
FATATPA check:
pr(E) = / 2¢** dz, VE € B(R)
E
P J
ﬂ — 9p2x _ 1!
I 2e F'(x)

Proposition 11.2

AT B measure i, PA A extended p-integrable function f, 4 the signed measure v induced by 1 and
fRVV(E) = [ fdu —ER:
VL 1% ‘

Proof trivial.
Question: F AT AKX 4~ RN derivative & 75 f77E 8 ? Radon Nikodym Theorem IF 23X/ [F 1 & 5.

11.1.5 RN Thm: o-finite v < ;1 <= 7F1E RN derivative

Theorem 11.2 (Radon-Nikodym Theorem)

. p-m. p
1T o-finite on (X, A),
s.am. v
. dv
v i < Jdext. u-intble f = @
Jf Lk A~ RN derivative f £ unique ), in j-a.e. sense. (I ju f§—~ null set 2 Spfi—), .

Radon Nikodym Theorem 375, X} o-finite (1Y) v 11 p, RN derivative f77F (Of H—EME—) 24 HAY v < p.
R TAEE P4 abs ctn 1) measure, HEEA] o-finite, LRI AH— D BAKRIREL f RFXBATZ AT

FLER] RN Theorem, FXA A 75 %24 Lemma.

AR v, p HB2 finite positive measure on (X, A) I H p Av, IPA—EFLE € > 0 AS E € A with
u(E) > 0s.t.
v>ey onk v

Proof We look at v — % w for each n € N. ‘B J#B 4 finite signed measure for sure.
2% & Hahn decomposition P, LI N,, for each n. 3f set:

P:U&,N:QN:W
n n
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T N XFAEEn & v — %,u fY) negative set.
XA

—_

Vn, 0 <v(N) < E'M(N)

PRI — & A
v(N)=0

(X2 ARG, N N intersect [ JTAH) v — %H W14, 78 n KEYHEX A diff measure FEAZET v, 1
v AR 52 positive ), IFAEIR v(N) =0.)

Case 1: g0 w(P) = 0, HF A4 plv.

Case 2: Otherwise then fFAEH-A w(P,) > 0, i P, & v — %u [¢) positive set, [ M7E P, I, v > %,u.
XA~ Lemma FEHH, % T positive measures, ‘& {|]%:4 mutually singular, 224 — %€ f£7E - nontrivial
HEEA b, — P REE PA—E H il bound 3 4h—~.

X A, HEGX WA positive measures g mutually singular (1) (3B B ATA 3 7] 1 FFAE 22 A0 Y XI5,
HE 2, note that positive measure {5 & A1 K —E =1 K, BT E W @A T8, (S H L &
ITH A —ANRERS PA— 7€ Hu ] bound 3 Sh—1~.

PAEFEATTUERH RN Thm:
of RN Thm:

Step 1: B 5c#HiA uniqueness, if exist.

1 5eF A assume v, pu HR S finite p.m.

F&Ai14% verity uniqueness: 1%

dv = fidu = fodp, f;ext. p-intble
ﬁlg/é\é\g = fl - f29 ﬁ
/ gdu=0 VEcA
E

FTPA g =0 ae.
This shows the uniqueness.
SRIGFAT] verity existence:
A% &
F = {f€L+(M) : /Efdug v(E), VEGA}

We can define partial order on F: F§ f1 < fo if fi(z) > fa(z) for ae. .
8K f =02 F HiyMUTTE. Idea: ATHESGE] F F i KITTER finae BF &0 EIE BEH
/ Smazdp = v(E)
E

Step 2: Claim f,, fo € F = f .= max{fl, fg} e F
Proof of Claim: for fixed f1, fo, & A:={fi > fo}. (THULE € A, f:

/fd,u:/ fld,u+/ fodu <v(ENA)+v(ENA°) =v(E)
E ENA ENAc

Claim proved.
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Step 3: #3i& H potential RN derivative: S KHITTE f € F IAEFA] set

a::sup{/fd/ﬂfe}'}

1<a<v(X)

BIRA:

pick g, € F s.t. [ gndu / a, 3T H. set

fn=max{g1, -, gn}
for each n.
WA
fu< foe [ fudn S0

H HARSEFRATIW claim, Brf f,, € F.
AR T 0 R K 1
3f =1lim f € Lt (i), and € L'(p) (since y finite)

If FLARYE MCT,
/f@nﬂg&/ﬁﬂuza
I H, X F4E5E E measurable, 4 MCT t 5
[ fan= 1t [ fadu <o)
E n—oo E

FRAT set:

V(E) = Efd,u

Step 4: JiEAA v/ = v.
Proof: 1453 A1H13E by def v/ < v.
Set:

By our assumption v < u, MIMTWEAH 7 < p.
PR A S SRR & Ly, SERTDATRE] & = 0, AIIERH o/ = v.
XA Lemma e 148
Suppose for contradictin that o /L, A4 by lemma, 1T 7 52— finite positive measure, p 12— finite
positive measure, JJZE7E € > 0 Fil nontrivial measurable E, §i5 o > ey on E.
T
g:=f+exg €F

/gdu>a

XH g € Fpse (BWERRS—E/NT%ET a).
M, 1, v 2 finite p.m. BJ1EREIE.

i [ fdp=a, Al
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Step 5: #J"F v finite s.m., ;. finite p.m. FY{E5R.
¥ Apply Step 1 to v, v~ HIfSIE.

Step 6: ¥ ZF v, u o-finite BEN.

Proof: By o-finite [1¥) % 3, F A 17 PA decompose

[e.e]
X=|]x,
n=1
A2, by finite case, v|x,,, 1| x,, is finite for each n.
P
d
fn = (vlx,) 3 foreachn
d(plx,)
J-2, take
oo
f=> 1x,fn
n=1
R ATASIE.

Note: IXEH] f 2 ext p-intble g9, B): f+, f~ ZDHFH—2 ext pu-intble f. 1X follows from v {fH—4"
signed measure fJE X: v £% admit +o0o, —oo FHJ—.
Specially, #15R v £ — positive measure, A4 f —EHLEIEHR, MM f~ = 0.
7E RN Thm %) proof w1, FRATH KR BB 2 1 5E, 15 8% reduce to FAJ2AZEM finite positive
measure FFDL; HUK, BATHH—A> wick: Hl—ARENSIEALIEIL RN derivative 9% f11%]H)
F = {f€L+(u) : /Efdug v(E), VEEA}

A H R RI TR 37'} X UEB B ATTHA 5L %, by proving ‘B {11 22 /& —> zero measure.
T—A> lecture: FA T4 upgrade RN Thm to —~HJjl general [ version: Lebesgue Radon Nikodym Thm.

11.2 Lebesgue-Radon-Nikodym Theorem [Fol 3.2, finished; 3.3, finished]

recall Radon-Nikodym Theorem:

1 o-finite p.m.

! extended p-integrable f : X — R
v o-finite s.m. -

dv = fdu
v

FATFR f -5 Radon-Nikodym Derivative:
W(E) = [ 1 dn
E

Example 11.4 Application: conditional expectation.

6, Aup) i= (10,080 0),m )

f:[0,1) — R Borel measurable.

Define:
1. 1

B = {@, [O, 5), [57 1)7X}
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f FdE—5E 2 B-measurable [1].

11.2.1 LRNT: {£= o-finite v, u, A[4G v IREER N\ L Fl p < 1

Theorem 11.3 (Lebesgue-Radon-Nikodym Theorem)

w o-finite p.m. N
UIES on (X, A), BB ATFHEME—¥) decomposition
v o-finite s.m.
v=A+p
. . Alp
where \, p /& o-finite ] signed measure s.t.
P

(F42, by RNT, f7£F p-unique ¥ extended pu-integrable f : X — Rs.t. dp = fdu).

Sktech of proof of LRN theorem: Assume for simplicity that u, v 4 finite p.m.

Like last time, look at
]:::{feL+:/fdu§1/(E) VE € A}/ ~
E

Saw: F A max element f.
Define p by dp = f dp.
Set:
Ai=v—p

Want: AL pu.
Prove by contradiction: 15 X /Lu, AB4 Lemma 2 45153 A1 £E4E € > 0 Fll positive measure ] E € A
15

A en
on E.
Set
g:=f+exe
il
[odu= [ (seadus [ ran
F FAE FAEe

55l

P(FNE)+eu(FNE)+p(FNE®) =p(F)+eu(FNE)
V(F) —ep(F)+en(FNE)

()

IN

IN
<

Hiige F Hg>f.
MR A L. MU existence proved.
Uniqueness part: Suppose we have

v=A+p1= A2+ p2
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where \; Ly, p; < p. A4
Al — A2 =p2—p1

FATHEE, A — X2 Fl p2 — p1 W72 signed measures. Ff H,
(M= A2)Lp, (p2—p1) < p
By Lemma 1:
A—A=p2—p1=0
Properties of the RN derivative: (P91 in Folland)
d(Vl + 1/2) . dvy dvs
du Cdp dp
dvdu 1

Cpp L i = —— =
vy <L i du

p-a.e. = v-a.e.

11.2.2 complex measure |}L }; complex version of LRNT

Def 11.3 (complex measure)

—/]~ complex measure on a measurable space (X, A) &&—> map v : A — C satisfying v(&) = 0

PAM ctbl disjoint additivity. s

Example 11.5 simple complex measures:

X ={1,2,--- ,n} v p/s/c measure on X.

Since X = {1,2,...,n}, acomplex measure v is just a function
v:X—C, ie,vw=(v,...,v,) €C".

1]
v(E) = Z vo(z)

v positive: € RY} v signed: € R"

For discrete spaces, the total variation measure is defined pointwise:

|v|(i) := |vi|, foreachi=1,...,n.

So the total variation measure |v| is just the vector of magnitudes:
| = ([l [vals- - - [val).
What is 2
V|
Since this is a finite discrete setting, the Radon-Nikodym derivative is computed **pointwise**:

dv \ . i iy #0,
awi) =
v 0 ify;=0.

So the result is a function f : X — C, given by:
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e ify #0,
fay= P 7
0 if v, = 0.
d n . . 0
f= o <V1, 2, ceey V) ,  with the convention — := 0.
dlv| || |vel vl 0

This derivative is a function that lives on the unit circle in C (except at zero), and it satisfies:

|f(i)] =1 whenever v; # 0.
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