Module 12 differentiation on real spaces

12.1 differentiation of regular Borel measures on R" [Fol 3.4, finished]

Def 12.1 (regular Borel measure)

—> Borel measure v on R™ gF A regular [, if v is locally finite (finite on every compact set). &

Theorem 12.1 ( regular Borel measure: Z24 7T regularity)

—~ regular Borel measure v on R™ — & i /£

1. outer regularity:
v(E) =inf{v(U) | E C U open}

2. inner regularity:
v(E) =inf{v(U) | E C U open}

Remark X BUNIERTE PSR 2 H BT AR

regular = outer regularity: Hard, HAE555% Ch7 regular F/ inner regularity = outer regularity: iX/>
faj B, same as proof of Thm 1.18 on Folland.

Example 12.1 f1:{a] LS measure on R (restrict to Borel sets) #J+& regular measure. Lebesgue measure m on
R™ (restrict to Borel sets) & regular measure.

BRI S AT DAME) & signed/coplex measure |

Def 12.2 (regular signed/complex measure)

—~ signed/complex measure v on R™ #F A regular measure, if || is regular {.

Lemma 12.1

WE f e L (R™), W f dm j&—> regular measure. f1% f : R® — R j& extended-integrable (1], Il

loc

f € Lj.(m) <= fdm isaregular measure v

Proof Folland p99. X E4X, K f locally integrable 55 f dm /& locally finite f).

WS p, X J2& signed/complex measure - H. p L\, BEA

p, A are regular measures <= p + A is a regular measure v

Proof ¥£ hw 10 .
Note: STS it for positive measure, iX 42 [ A%} regular signed / complex measure Ifij &,
Alp <= JAeAst [MNA°) =0and|p|(A)=0 < | L]|p|

I HA T
v=XA+pALp = [v]=[A+pl=[Al+]p]



12.1 differentiation of regular Borel measures on R™ [Fol 3.4, finished]

XA IR AE hw 10 H,

12.1.1 LDT meets LRNT: {E{f] regular Borel measure v on R" X} m §J RN-derivative =

relative density

Theorem 12.2 (LDT meets LRNT: computing RN derivative on R")

Let v be a regular Borel measure on R", with LRN decomposition
v=A+p, dp=fdm, Ilm

B
dv =d\+ fdm

A4: X m-ae. x € R, H A
T )N £(2)

r—0m(B(z,r))

Remark Also true with B(x, r) replaced with shrinking F..
X— Thm —A)FEARFERD: 30R v — regular measure, AF A JLFAbAL, HAVEFT L AX—= £
density of v over m EIKEBEXT m BJ RN derivative f.

Proof Hv=\+pi53:
v(B(z,r)) _ AB(z,r))  p(B(z,r))

m(B(z,r))  m(B(z,r))  m(B(z,r))

By LDT, %11:
NCIERD)

r—~0 m(B(z, 1)) = f(x), form-ae. z.

T ARl WTS:
L AB@)

= f -a.e. .
(Bl fermae. o

(Notice: i B 0 #3552 dA\/dm, [F AP mutually singular 1] measure, H: RN derivative = 0 a.e.).
By lemma: [K°/ v regular, H X\ L p, W] PAFEH: A, p tH)E regular 1.
WLOG FATA] PA suppose A 4& positive measure, [ A L m <= |\ L m, 3 H [AN(F)| < |\(F) for any
E. A X\ & positive measure 5 It X MR BR A 0 15 H 254 ) %] complex measure [
WE: BT AL m, {77 PAFEEL Borel set A such that
AMA) =0, m(A°) =0
T FUBHER] lim, o A5 = 0 forae. x € AFTTDAT, B2k A A G m ) null set

FRAT set: ABlr) 1
. xr,r
o e 0 2 )

Mt STS: XFFALRE k, m(Fy) = 0.

FAIT Fix —A~ k, by A Y inner regularity, STS: X T4 &/ cpt K C Fy, compact, 5H m(K) = 0.
FTFA] fix —> compact set K C Fy, 7 fix e > 0, STS: m(K) < e.



12.1 differentiation of regular Borel measures on R"” [Fol 3.4, finished]

By A 1Y) outer regularity, f7-7£ U. D A open {#i15
€

AUe) < —

(Ue) < 3k

By Fi i3 S A FALRMN @ € P, WFFAERA 70 > 0 (73

1
v(B(,714)) > 2m(B(x,72))
Since

KCU (x,7r2)
zeK

MM by finite open covering thm, — 5 f7-7EH-A> finite set K’ {#i15

K C U (z,72)
re K/’

F& A7 recall VItali covering lemma: For given collection of balls {B C R}k J=1> T1#AFE disjoint subcollection
{Bj,,---,Bj,.} i1
35’3;-)

Une

AKX H, 153 f77F K" C K' st forall z € K", B(x,r;) #{5& disjoint [1], with

K C U 3B(x,ry)
$EI(//

||C3

m(K) < > m(3B(z,r,))

zEK"

=3" Z m(B(z, 7))

.’,UEK”
< 3"k Z AN B(z,7ry))
zeK"

< 3"EA(U) < €

Since € {173, m(K) = 0.
Since K {17, m(Fy) = 0.
Since k {17,

o(fream 2 )
AITTHE.

X SPR FR R E AR, B A L om, IR ATEE— R4 AR A null, m LA 4
R, FEiX—ih WP A — b, A AT m B985 BERLS A O; T 55—, m )@ S B2 AR, R 2
—>m 1 null set S, A FEXFT m B8R 0.
XA UER R, AT b ] Iz T inner #1 outer regularity SK i (b 2SIE B 4518, /5 reduce to finite
open covering Ff H ZRHu{# i VItali covering lemma 3¢ bound measure. J§ T [:[j’-'&“il}% HUERH.



12.1 differentiation of regular Borel measures on R"” [Fol 3.4, finished]

12.1.2 Differentiation on R
12.1.3 {positive regular Borel measures on R} ~ {distribution functions /' : R — R}

Recall that: §54" distribution function (3E=4g increasing, right ctn function) £} 35z 7 ME—HAJ—" regu-
lar Borel measures 1 on R, ;7 Z 7R7X.

25 € —> regular Borel measures i r,

Fy(z) = p(0,2]) >0
—p((2,0]) ,2 <0

A'E Y unique distribution function. Bl u((a, b]) = F(b) — F(a), for all h-intervals.
M 25 EXFF distribution function F', 1] define p by:

n n

po((J(ai bi]) = > (F(bs) = F(ay)

i=1 i=1

%X )5 by Hahn-Kolmogrov, extend to a regular Borel measure pp, 15 pup((a,b]) = F(b) — F(a) for any
h-interval, i.e. F' J& pp [ distribution function, 3f H. unique in the sense that {T: & HAt /) such function G i
W2 ur B distribition function, WAk H F — G A const. MM

pr — F
Z [a) ¥ 5 T — measures F/ functions [ %3 [E] 1Y) bijection.
distribution function #/1 regular measure 2 [A] [ X} . 56 52, 88 FHACTETAHAWR? Fe Al recall KM A iE B )
EH, AN~ general [fY) version (can easily be extended from what we proved):

Let v be a regular Borel measure on R", with LRN decomposition
v=A+p, dp=fdm, Ilm
W2 XFT m-ae. v € R™, BT nicely shrinking { £, } to =, #A4:

. V(ET) i
ll—% m(E,) /()

BRI AR FATTA —A4 R LAY regualr measure pg, IBAEE E, = (z,x + ], TA1H:
pa(Br) Gz +7r)—G(z)

m(E,) r
M FAT B for ae. z, HA: ()
. pG\LEr)
71~1—I>I(1) m(E,) ¢z)

FATT PAFSE]: iX 4 regualr measure 1 tH3FF m B LRN derivative, 5t & FE /Y distribution function
HY derivative! 3, FA 70T DA I 308R G : R — R &—" distribution function (increasing, right
ctn), APAEH] derivative —F 2 a.e. TF1EHY! Since pg regular = G locally intble = by LDT, X/~
density limit & a.e. fE7E.

2, FA1& P T Monotone Differentiation Theorem.



12.1 differentiation of regular Borel measures on R™ [Fol 3.4, finished]

12.1.4 Monotone Differentiation Theorem

Theorem 12.4 (Monotone Differentiation Theorem)

4 F : R — R Sjj—> increasing (nondecreasing) function, set:
G(z) := F(z+)
B F WA PR R EL. (note: G — 7€ & increasing H. right ctn 1, [A]]fij & —> distribution function)
A
o Dp :={x: Fdisctnatz} ;£ 2% ctbl [{J (MIl—E zero measure)
o I G #f differentaitble m-a.e., 7 H.

F'=G ae. Vi

Proof of (a): STS that, ¥ T{E£& m,n € N,
1
Zmn = {az €[-m,m]: F(a+) — F(z—) > }
n

se—> finite set. Ml Dr = U, ,, Zmn +& at most ctbl FJ.
M Zmn B85 finite 1, B F(—m) — F(m) j& bounded /), A Zpn — &2 finite ). (RZ &)
F(=m) — F(m)/(1/n) X FER 1.

Proof of (b): 1 4EFA1HNIE, G right ctn + increasing = ¢ 52—~ LS (thus regular when restricted to
Borel sets) measure on R.
Apply LDT to ug, take E,. := (z,x + r| as the shrinking family to x.

:‘F =
* ne(E) Gz +7) - G(x)

m(E,) T
i LDT = 309 limit exist for a.e. x ( ug w.r.t. m [ RN derivative), Eit 2 G', H G’ ae. 18, 5T
H: induce [ LS measure [/ RN derivaive.
FIAE remains to show: F ] derivative 1 a.e. f£4F, 7 HH G BIFHZE. oAl set:
H=G-F

MM STS: H a.e. 174 HH 0.
B, H > 03fH H # 0 H AW HEXE discontinuous points (which is at most ctbl) _[*. We set:

W= Z H(x)d,
z€DR
MR AR X 1,
wh= 3 H)
zeDpNI

1T F, G locally intble, X/~ 1 22— regular Borel measure.
IFHL, iXAS p 1 null set 24 DS, 1M Dy, as we have proved, is at most ctbl, K| [fij & m ] null set. M 152

wlm



12.2 functions of bounded variation: I € BV [Fol 3.5]

TR

Mt LDT 45

o 0 a.e
PRI TAERRY b > 0,
H(o+ 1)~ H(@)| _ H(w+h) + H(@) _ pll—2lhlo+200D) ngo
h A 4fh|
finishing the proof.

As conclusion: R _FRJ{FE increasing [{#{ F, H right limit induce Y LS measure X{F m Hj
RN derivative, 5 ZF ©H] derivative a.e.

12.2 functions of bounded variation: /' € BV [Fol 3.5]

E—7iRFATIER T Monotone Differentiation Theorem: ‘B ZFHHH 42, f£1/i] R — R f{ non-decreasing
function #[$ 42 differentiable a.e. 1.
FAVHLE— R EE— B~ X 8] L differentiable HAL&—N HoAf 4% 1 25, {H 2 differentiable a.e. /1]
FRAFRUE bk B — L8
Question: HIF—AEKEALE [a, b] I differentiable a.e., AF 4 in a.e. sense, 0] PATE [a, b] | 5& X B derivative
FLO 4, o —EH ,

F(b) — F(a) :/ F'(z)dx

E? BELEERA—EMN. A FE2=12fl: 1. Heaviside function; 2. Cantor function; 3.F'(z) = 0 a.e.,
but not 0 on a null set.

XAAR AR A E R TR . AT B in sense of ace. , (AT outlier /) a, b 2R IEH
).

AT JGHs revisit iX— [\, 25 X A4 UR LAY condition.

Fe T RFRATRE

12.2.1 total variation function 7 of a function /'

Def 12.3 (total variation function)

25 E—A> function F : R — C, FA15E LB total variation function Tr Aj:

Tr : R — [0, 00]

n
x sup{z |F(x;) — F(zjq41)]: —o0o <o < -+ <z, = x}
j=1 *

Total variation ;& —MRIEZ K E L. Tr(x) £xilig F M —oo B4 z X BoE SO E, B
ARAp . B count into Fr A AR, FLAE B EWAIZELLR, 1E 7 a] (AN 47 1] (7).



12.2 functions of bounded variation: F' € BV [Fol 3.5]

"

Lemma 12.3

MTAEEW F: R — C, Tp #/2& increasing 1Y; I HXTHERE a < b, A
TF(b) = TF(CL) -+ TF(CL; b)
where

Tr(a;b) = sup{z |F(xj) — F(zj41)] :b=20 < --- < zp =a}
j=1

s F e ORI [a, b] _FHY total variation.

Q

Proof 4K, 1T total variation J& increasing [, I {12 2RI greedyly i%+¥ partition. %fF—> par-
tition, J S ] DASE A — A~ 1] p 3B 43 O 2, T X 952 AY sub partition [ total variation [ > JF G

partition 1 total variation.

12.2.2 space of functions of bounded variation: BV By E A4 &R

Def 12.4 (function of bounded variation)

I Tr(00) < oo, FA[1HR F : R — C is of bounded variation [{], 5{E F € BV.

Def 12.5 (function of bounded variation on an interval)

TR Tr(a;b) < oo, FAT1FR F : R — C is of bounded variation on [a, b], G F € BV ([a,b]).

BHiek, ' € BV 1] DA reduce to real-valued 145 0 6318,
Proposition 12.1

FeBV < RefeBVand Imf e BV

12.2.3 BV as a vector space
Lemma 12.4 (BV Z—" complex vector space)
R F,G € BV, 82X TAERE W) a,b € C, we have

Tor+va < |a|Tr + |b|Ta

M

aF +bG € BV @

Proof Lif5. TR, BREL) total variation & 26 AT ).



12.2 functions of bounded variation: F' € BV [Fol 3.5]

12.2.4 F € BV B Tr B limit behavior

IAVEGE, F e BV if Trp(oo) < oco. MMi KT Tr(—o0), FFEA SRR
Proposition 12.2

FeBV = Tp(—0) =0

Proof Lete > 0.
MM FALER © € R, since F € BV #i4 T bounded, T () J&— real number.
R AT AT PAFR F]—4H partition points g < - -+ < x,, {#15

D |F(xj) = F(wj1)| > Tr(x) — €
1

M
Tr(x) — Tr(xo) > Tr(z) —€

NI
Tr(y) <e, Vy <z

Since € > 0 arbitrary, IX{EH T Tp(—o0) =0
Remark F bounded variation [{JWABE 5542 BEAE © — oo B, # 1l = 4L variation — 0.

Lemma 12.5 (F' € BV right cth —> T right ctn)
F € BV rightctn = Ty {4 right ctn O

Proof Letx € R,e > 0.
Let

a:=Tp(x+) —Tp(x)

WTS: o = 0.

By right ctnity of F' §{l Tr increasing, F&A TR PAZERE 0 > 0, [FIBHE: |[F(z+h) — F(2)| < &, Tp(x+ h) —
Tp(z+) < e whenever 0 < h < 4.

Fix —/M 2 0 < h < 6 B h. H)5H)ERA I, Folland 104.

12.2.5 BF BV, BV(I) &

Lemma 12.6 (HfLiF#— % BV or BV (1))
1. 404R F : R — R bounded H. increasing, IFA F € BV H Tp(x) = F(x) — F(—00).

2. @R F : R — R J& Lipschitz countinuous ], if4 F € BV (I) for {171 cpt interval [
3. W F : R — R 22 differentiable H. F” bounded (1], A4 F € BV (I) for {T- & Y] cpt interval [

Q

Proof (1) trivial.
(2) by def: & Lipschitz const M, | Tr(a;b) < M(b— a).



12.2 functions of bounded variation: /' € BV [Fol 3.5]

3): X4 (2) KU, AR recall: by MCT 1] f5: F : R — R J& differentiable H. F’ bounded — F
Lipstchiz ctn.

Proposition 12.3

PAF )& —LE 22 L) B 7Y variational behavior:
1. f(z) =sin(x): J&§F BV (I) for {7 cpt I, (HAJET BV.
2. f(z) ==zsing, f(0) = 0: BF BV(I)iff0 & I.
3. f(z) == sm%,f(O) =0:BF BV()iff0 ¢ 1.

[ )

Proof (1) B (2),3) I HW 11. HSZEATAMF. (= ): if0 ¢ I then F € BV (I). 25K, we
differentiate F'(x) = zsin(1/x) for z # 0:

, d 1 . 1 1 1 . 1 1 1
F'(z) = x - sin =sgin|—)+x-cos|—)-(——)=sin|{—)——cos|—
dx x x x x? x x x
TEAE 0 i IX[E] I, ‘B2 bounded ). F& by lemma 5k
(<= ):if F € BV(I)then O ¢ I. This is equiv to: if 0 € I then F' ¢ BV (I).
Suppose 0 € I = [a,b] then a < 0 and b > 0, one of which is strict. WLOG we suppose b > 0.

FA1HY idea & harmonic series. 7 J&
1
= 0"
I r /2
we have:

(1 1 :
F (yn) = ynsin <yn> S sin(nmw + m/2)

for even n, F(y,) = Since b > 0, for some Ny we have yn, < b.

| 1
For odd n, F(’yn) = m, m.
Then we consider the partition: pick N € N, and use 29 = 0,21 = YNy+N—1,T2 = YUNo+N—2; " , LN =
YNy, TN+1 = b as the partition points of [0, b].

Then we have
N+1 No—2+N No—2+N
+ 0—2+ 1 1 0—2+ 1

E:I|F(33n)_F(xn—l)|> Z 7m-|-7r/2+7r(n+1)+7r/222 n;\[o m

n=~Np

As N — oo, this sum ZN+2 |F(z;) — F(xj—1)| = oo, by the harmonic series.

12.2.6 Jordan decomposition for f € BV: f = 1(Tp + F) — :(Tp — F)

N real-valued F' € BV, R4 Tr + F, Tr — F #[J2 increasing ). o

Remark Tr + F Bll: F increasing [0 /5 /% increasing, F' decreasing [{JHli }5 const;
Tr — F Hi: F decreasing b5 2 ] 4% increasing, F increasing #l /5 const;




12.2 functions of bounded variation: F' € BV [Fol 3.5]

F TF/
|

i

TF +F / TF _F/

Proof fFHlz < y.
Lete > 0.

Canfindzxg <21 < - <zny =u,s.t

NI}

HIT e > 0 4R, W PAFS3:

PRI -
(Tr(y) — F(y)) — (Tr(z) — F(2)) = [F(y) — F(z)| = (F(y) — F(2)) > 0

Theorem 12.5 (Jordan decomposition for ' € BV)

T F R — R (FEE 2 real-valued):

F € BV < F %) bounded increasing functions /2=
Specially,
F € BV <— TF + F bounded
[ for F € BV, FAT 12 AR E S 1E
1 1

where we call it as the Jordan decomposition of F' ¢ BV. H., %(TF + F) $ifrh F 1Y) positive
variation; %(TF — F) ##8~ F 1Y) negative variation.

Q

10



123 NBV & AC =5[], PA S 1) FTC for Lebesgue integral [Fol 3.5, finished]

e L

Figure 12.1: positive/negative variation

Proof 4K, F € BV = Fbdd, [AHN
|F(y) — F(x)| < Tp(c0) — Tr(—oc)

For F' € BV, we have Tr(00) < 00, Tr(—00) =
X F € BV = Tp bdd by def, {1153

F € BV — Tp 4 F bounded
1 S ) trivial (bounded function [¥]Z=4/54% bounded).
Remark JZATA PAEE F A0 1 min, max B2 B A IE G2, 8B H 1R 5 0 Al
F=F"-F"
MMiix B, Jordan decomposition NI 244 I8 ‘& 1F £ 7 [a]_ A variation 34
P = (Tp+ F)— 5(Tr — F)

F ] positive variation, negative variation flI total variation —FEtH 2RS4, FeA 14T

1 1
F+ = §TF+F, F_ = ETF—F

GXANIE TR PR IS ZE AHE IR (15 1 B R )

12.2.7 corollaries of Jordan decomposition

Corollary 12.1

Let F' € BV. By Jordan decomposition, F' 4> bounded increasing functions 2. M A1 by
MDT 15:

o F(z+), F(z—) f#AE for all z; F(+oo) HLIFLE.

o Dp = {x: F disctn at z} %2 at most ctbl [].

o EX G(x) := F(xz+), W| F,G #f a.e. differentiable H. F’' = G’ m-a.e.

3

F € BV — F a.e. differentiable

11




123 NBV & AC =5[], PA S 1) FTC for Lebesgue integral [Fol 3.5, finished]

12.3 NBV & AC ==18], LR H R FTC for Lebesgue integral [Fol 3.5,
finished]

12.3.1 NBV BEHMRKR

Def 12.6 (NBV)
For F: R — C, 1 X: F € NBV,if F € BV H. F right ctn, F(—o0) = 0.

1

A

Remark XANERHP F(—o00) = 03X —4FHAEE, A RFRATHIE for F € BV, F(—o00) = ¢ for some const
c E—EM (FHR Tp(—oco) = 0), M right ctn ) F' € BV & —NEH—x & NBV . F€ NBV )

Proposition 12.4
NBV C BV Jj&—> linear subspace. N ’

Remark A1 5 KB

FeBV < Tre BV < F,,F_e€ BV

XA, Tr(—o0) =0 X}F F € BV g mior, HFRATHE F right ctn = T right ctn; T 5&:
F € BV andrightctn = Tr € NBY = F_,F_ € NBV
FATE LHE:
{positive regular Borel measures on R} ~ {distribution functions F' : R — R}

Notice: iX— g% is achieved by

Fy(z) = {“((0’1’]) 23>0

AR
pr((a,b]) = F(b) — F(a)

Y& positive regular Borel measure #/ distribution functions #{4 —/~3L[E 55 : ‘B {71{F bounded set |2
bounded 4], {H-E%&{& 7] DA unbounded.

T BRAEFAT TR

12.3.2 {complex Borel measures on R} ~ N BV

& —> complex Borel measure #l—4~ F' € N BV %[/ finite ).

Theorem 12.6 ({complex Borel measures on R} ~ NBYV)

1. %}F R A9 complex measure j, defining

F(z) = p((—00,2])

12



12.3 NBV & AC =38, PA S 1) FTC for Lebesgue integral [Fol 3.5, finished]

A
F e NBV

2. X F € NBV, —ELE7E A4 unique complex measure jx on R, {§if5
p((—o0,z]) = F(z) Vz

Proof (1): 24 p J& positive fJF L, /2 AR, complex 5 (02 re/im F453-53 718 m BT A

(2): [8#E, WLOG FA17T AR F 42 real-valued 1.

F e NBV = F =F, — F_, XW#iZ bounded increasing functions H. NBV, M i f7-AEP 4™ finite
signed measure i /£ :

pit((—00, 2]) = Fi(x) — Fi(—00)
F5E L
pi=py —

EHICT)
Remark i B HSZH positive regular measure <k distribution function [ way:

n((0,2]) 2 >0
Fu(z) = {
—u((z,0]) ,z <0
EME, ARNSET —NEE p((—o00,0]) L.
Z T PAFRATTX BT DA 3
F(z) = (=00, )
A, 3FF complex measure (thus finite) 5, XN EE 1((—o0, 0]) —E £ finite fY. {E .2 3}F regular
positive regular measure 5, XN EHAIGER L FH (HAR W EE). K X}T regular positive regular measure
FATTR A A AT [l g e SO ORI TS5, (HA2XT T complex measure FRATT AT DA 2 38 Hekb i
F(z) == p((—o0, z])

Theorem 12.7 (1 HY total variation measure = /i7,,)

MTALER F e NBV, #fiTA:

lwr| = pry

Specially when F' /& real-valued & T, HEA pup & finite positive measure, HA

Mt = HUFy v,

Now: Given ' € N BV with associated c.m. pup, fFABHE pp L m, 2 0H5E pp < m?

Theorem 12.8 (characterization of ur | m 1 up < m,for F € NBV')
¥+ F € NBV, 1B 4HE: F m-ae. fE4E, H F' € LY(m).

Now we claim, &

purp L m < F' =0 m-ae.

13



123 NBV & AC =5[], PA S 1) FTC for Lebesgue integral [Fol 3.5, finished]

PAS
prp < m < F(x /F’ t)dt Vz

Proof Letx € R. Applying LDT and LRNT, with E, := (z,x + r]:
lim pr(Er) im F(x+71r)—F(x)
r—0 m(Er) r—0 r

A F k22X RN derivative. X1

:F/

pE=A+p
where A L m, p < m, FATH:
F(2) i= (=00, 2]) = A((=00,2]) + p((~o9,])
FRATVABE, pr L m <= p =0, \ifi by LDT meets LRNT, we know that
F'=0a.e.
M pp <m <= \=0, NI E#:
F(@) i= pl(~o0.2]) = Fdm((~oo.a) = [ F(t)d

—00

1233 AC RHEHMRE

Def 12.7 (absolutely continuous function)

FAi1E L F : R — C 2 absolutely ctn 1, if XF THER € > 0 #AFLE 0 > 0 fHFEX ALY disjoint
intervals (a1, by),- - (aN, bn), #A:

N
Z]F F(aj)| < e whenever Z|b —aj| <0

! )

Remark absolutely continuous & [, uniformly continuous %A% F 5 i) 55 1F: FATHFZE N = 1 1MIHTE
TEEEEHX A def 3t reduce A uniform ctn.
absolutely continuous 7R 7 — B SR A4 1k W HUT R L8y 28 A0 R /N1 o, TR y 19728
b . (y 2R T e A B o 2 b geE, Al o i B E)
X—F A measure £ 5 &.
FAIE X F : I — C J2 absolutely ctn [, if X} FAEE € > 0 #AFAE 0 > 0 15X FALE ) disjoint
intervals (ay,by), - (aN,bN) c I, #A:

N
Z |F(bj) — F(a;)| < e whenever Z |bj —aj| <¢
1
&
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123 NBV & AC =5[], PA S 1) FTC for Lebesgue integral [Fol 3.5, finished]

Lemma 12.8 (FF € NBV abs ctn <— up < m)

X+ F e NBV,

FeAC <= purp<m O

Proof F47] recall, abs ctn [ T m [¥] nullsets t,—5E & pup ) null sets” Z 4p, i85/ 57— characterization:
pr < m 2 HACYTAEE € > 0 F AR 6 > 0 i m(F) <0 = |ur(E)| <e

AR, iXA~ characterization 13X B lig . FANTEM, urp < m = F € AC H#$# naturally follows
from %/~ form. Let € > 0, 7£7E & 158 m(E) < § = |up(E)| < . 2EE E = [V (a),b;) with
m(E) <6, HiE#A

N

lpr(E Z F(aj)| <€

1

MTTAFIE.

i s m), #A1% & m(E) = 0, FHF] [ outer regularity B{—~&EJ1'E Y open set (£3/~4& union of finite
disjoint open intervals) seq, iEIT E, with m(Uy) < 0. i F € AC 7] DA

pr(Uj) < pp(Up) < e
for all j, MM pur(E) < e. MIMFHIE, since e arbitrary.

12.3.4 FTC for Lebesgue integral on R: requires NBV + AC

Corollary 12.2 ()

W f € LY (m), B4

=/ f(t)ydt e NBVNAC, f=F a.e.

Conversely, flI F' € NBV N AC, 34
F'e LY(m / F'(t

Remark forward J5 [ Rl: f € LY(m) W& 8 2K EL ffoo f(t) dt A BT SEERIAS 248 B, A

ﬁﬁﬁ/ﬁ . a.c. ﬁ
FTC %<F(Qj) _ /; £() dt) = f(=)

H-H for F(x) := [T f(t)dt, EAHELZE NBV N AC . XA DA

:/zf(t)dt

backward J7 ] Bl: 415K F HA RAFR LR 226 FibE, I A B0 S50 2 :
Fla) = / P dt

—0o0

&1 = 22 : FTC-I for Lebesgue integral ZE2 4 R _FEIRII Y BY FF € NBV N AC.

Q
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123 NBV & AC =5[], PA S 1) FTC for Lebesgue integral [Fol 3.5, finished]

12.3.5 FTC for Lebesgue integral on a cpt interval: HEZE AC

FCESHIA /Y FTC-1, FTC-IL W) A& SEn R 2, HR% F AE B HRZ U 21 compact interval | AC B A]
PA. 2R, FATAT 2 2 NBV HG % BV, H HAE cptinterval |-, AC A~ Bl n] PAJfEH BV.

S F e AC([a,b)), B4 F € BV ([a,b)).
R
AC([a,b]) € BV ([a,b])

Proof X2 WARMM. ?ﬂéﬂ‘]%;’%lj F € AC([a,b]) Wz X: on [a, b] we have:
N

Z]F F(aj)| < e whenever Z|b —aj| <0
1

TANIAYHE e = 1, W‘FTU&‘J% [a,b] into —ANNEK N § 9 disjoint intervals F B (b2 ik
%), Ml Bound H5X4~%14>_E i variation by parition Y1 |F(b;) — F(aj)|. MiFAT% 8 A5
IR E A fine X NRI48, BN A BE BV ARAR B, AT R AT A F Ji 561 bound.
FEA7 recall: for total variation, partition [{J3EHE greddy [19. M X5k 2 PATSIE.
Remark iX BEAFHUER, (2 BEf#IX A idea RITT. X R T locally, AC 2—~b BV HIRAIKA(F,
[A >} total variation 42 sup of variations over fTE %4>, T AC HENXEFFHE: TMXISAE RE

XNMEAWRKE/NT §, ©_LHEAY variation by partition FEZ /T e.
TFAE:

o F e ACJa,b]

o F J2 diffble a.e. on [a,b] #, H. F' € L([a,b],m), H.

F(z) - F(a) = / )t

for all = € [a, b].

Proof /4, F € ACla,b) = F € BV[a,b] = F diffble a.e. on [a, b].

Notice that: jX HLFATHE & F|(qp), TFATA] DLRFHARER /31 {HAR A smooth 1), F normalize it:
F(z) :=0forz < a, F(z) :=bforz > b.

N F € AC == F right ctn for sure, F¢{/] then have: F € NBV, MIfi

12.3.6 characterization for Lipschitz ctn

Theorem 12.10 (characterization for Lipschitz ctn)

Xt F : R — C, we have:
F Lipschitz ctn with const M <= F € AC and |F'(z)] < M a.e.

Proof T, HW 12.
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12.3 NBV & AC #3Ja], VA S H /) FTC for Lebesgue integral [Fol 3.5, finished]

MIMTFATIFE: ctnity ZL PR EAE R R
Lipschitzctn = absctn = uniformlyctn = ctn

KT IESE KRBT 5% Lipschitz ctn 7] PA#EFS a.e. diffble + bounded derivative; abs ctn 1] PA{fES: a.e.
diffble H¥E cptinterval |- derivative L'; [fii {3 J5 1) uniform ctn N ASZE & ] S 5514

T 6 TR AT e B AH A8 22V 5T abs ctn 7 bounded interval )2 [t BV, NBV BSR4, T7E R
FNFHAZ.

£ R I, NBV + AC 1 pR%Xn] iz il FTC. i 4F bounded area [~ AC fpR %5k vl PAiz ] FTC.
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