Homework 4: on measurable functions(36/40)

None of the following questions will be graded. Do them, but do not hand them in.

One with Vitali.

Let (X, .A) be a measurable space, and E C X a subset. Prove that E € A iff the function y g is measurable.

Use this to construct a function f: R — R that is not Lebesgue measurable.

Truncations in L": @& [ f, & /X f BI#%FR (bounded function / subset)
=3 [, f

Let (X, A, 1) be a measure space and f: X — [0, co] a measurable function.

(a) (Horizontal truncation) Suppose that X = Uff:l X, for some X; C Xy C --- with X,, € A. Prove that

fdu= lim/ fd
/X H n—o0 X H

/fdu = nlggo/min{f,n} du.

(c) Explain the terminology ‘‘horizontal truncation’” and ‘‘vertical truncation’’.

(b) (Vertical truncation) Prove that

Disregarding null sets.

Let (X, A, 1) be a complete measure space.
(a) Let f: X — Rand g: X — R be functions such that f = g u-a.e.
(i) Prove that f is measurable (i.e. A-measurable) iff g is measurable.
(ii) Prove the same statement when f and g are C-valued, rather than R-valued.
(iii)) Give examples showing that the condition that ;2 be complete is necessary.
(b) Let f, : X = R,n € N,and f: X — R be functions such that lim,, ., fn(z) = f(x) forae. z € X.
(i) Prove that if f,, is measurable for all n, then so is f.
(ii) Prove the same statement when f,, and f are C-valued, rather than R-valued.
(iii) Give examples showing that the condition that ;2 be complete is necessary.

Hint: this is Proposition 2.11 of [Folland].

Measurable functions and completions.

Let (X, A, 1) be a measure space and let (X, A, i) be its completion. Suppose that f: X — R is .A-measurable.
Prove that there is an .A-measurable function g: X — R such that g = f ji-a.e., and hence [gdu=[fdp.
Hint: this is Proposition 2.12 of [Folland].



Measurability on subsets.

Let (X,.A) be a measurable space, and Y C X a nonempty subset. We say that a function g: ¥ — R is
A-measurable on'Y if g is A|y-measurable, where the o-algebra Aly on Y is defined as in HW1.
(a) Prove thatif f: X — R is measurable and Y C X, then g = f|y is .A-measurable on Y.
(b) Prove that if g is A-measurable on Y and Y € A, then g can be extended to an .A-measurable function f
on X. Is the extension unique?
(c) Let f: X — R be any function, and set Y = f~1(R). Prove that f is measurable iff f~!({oo}) € A,
f1({—o0}) € A, and f|y: Y — R is A-measurable on Y.

Suprema of uncountable families.

Construct (using the Axiom of Choice, if needed) an uncountable family ( f,),, of real-valued Borel measurable

functions on R such that the function sup,, f, is not Lebesgue measurable, let alone Borel measurable.

Increasing functions again.

Let f: R — R be an increasing function. Prove that f is Borel measurable. Use this to give an example of a

function f: R — R that cannot be written as a difference between increasing functions.

Lebesgue but not Borel.

Let F': [0, 1] — [0, 1] be the function from HW3, whose graph is the Devil’s Staircase. Define G(x) = F(z)+x.
(a) Provethat G : [0, 1] — [0, 2] is an increasing homeomorphism. In other words, G is increasing, bijective,
and both G and G™! are continuous.
(b) Let C be the middle-thirds Cantor set, and set K := G(C'). Prove that m(K) = 1.
(c) Since m(K) > 0, we know from HW3 that there is a set A C K that is not Lebesgue measurable. Prove

that B = G~!(A) is Lebesgue measurable but not Borel measurable.

Measurability and absolute values.

Let (X,.A) be a measure space. Suppose that f: X — C is a measurable function. Prove that the function

|f|: X — Ris also measurable. Is the converse true?

Some of the following questions will be graded. Do them, and do hand them in. You may use the results from

the exercises above.

Measurability of limit loci.

Let (X, .A) be a measurable space. For each n € N, let f,,: X — R be a measurable function. Consider the set

E={zrecX| nh_{go fn(z) converges to a real number}.



Prove that E' is a measurable set in two ways:
(i) by expressing E in terms of the functions g(x) = limsup f,(x) and h(z) = liminf f,(x);

n—00 n—00
(ii) by expressing E in terms of the sets

Eiji = {z | fi(z) = fula)] < 1},
where i, j, k € N. Hint: a sequence (ay,),, of real numbers converges iff it is a Cauchy sequence, i.e. for
every € > 0 there is n such that for every j, k > n, |a; — ai| < e.
Hint: note that 00 are not real numbers, and please avoid considering co — 0o; you may want to prove a lemma

to the effect that if g, h: X — R are measurable functions, then the set
{x € X | g(x) = h(z) € R}
is measurable; to do this, you may want to consider functions like max{g, x}, min{h, k} and min{g, —x},
min{h, —«} for large real constants x > 0.
of method (i):
Define:
g(z) :=limsup fp(z) and h(z):=liminf f,(z)

n—o00 n—00
Since each f;, is measurable function, by proposition in lecture (sequential preservation of measurability), g, h
are measurable.

And as we know, for any real sequence (a,,),

lim a, exists (as a real number) <= limsupa, = liminfa, € R
n—00 N—00 n—00

Thus, for each x € X we have:

r€e€lE <= limsup fp(z) =liminf f,(x) € R
n—o00 n—00
Thus, we can write F as:

E={ze X |g(z)=nh(x)eR}

Note: here we want to have a difference function of the two functions, but it is undefined on co — oo type of
points. So actually it is not valid to take the difference for functions mapping to R. This is why we use the
following method instead:

For each n € N, we define:
gn(z) := min{max{g(z),—n},n} and h,(x):= min{max{h(x), —n},n}

Notice that, each g,,, h,, is measurable, since g, h are measurable and constant function is measurable and we

have proved in lecture that taking the max, min of two measurable functions is measurable.

Claim 1.1:
g(z) =h(x) eR <= dNy>0,Vn> Ny, gn(x)=nhy(x)

proof of claim 1.1: Suppose g(x) = h(x) € R. Let M := max{|g(x)|, |h(z)|} < oo, then for any n > M, we
have gn(x) = g(m), hn(x) = h(a:), SO gn(x) = hn(x)
Suppose Ny > 0, Vn > Ny,  gn(x) = hy(x), Then it is clear that

9(x) = gy (x) = hio (x) = h(z) < o0



proof of remaining: Therefore we have:

E={J N{reX|gn(x) = hn(x)} (4.1)

N=1n>N
Foe each n € N, we define

En={z € X | gn(x) = hn(z)}

Since each g, h,, is measurable and real-valued (finite), g,, — h,, is measurable and |g,, — h,,| is measurable, so
we have for each m € N,
{2 € X g, (@) — hu, (@) < 1/m} = |gn — ha 7 ([0, 1/m)) € A
Thus
En= () l9n = hal7'([0,1/m)) € A

meN
is ameasurable set. Thus F is a countable union of countable intersections of mea surable sets, then measurable.
of method (ii):
Recall: a seq of real numbers converges iff it is a Cauchy. Now we fix an arbitrary ¢ € N and let ¢ = 1/i.
Define:

Eijr={z € X :|fj(z) — fu(z)] < 1/i}

Since each f; is measurable, the function = — | f;(x) — fi(x)| is measurable (since each term in the sequence

maps to R but not R), and hence each E; ;. = |f;(z) — fi(x)|~1([0,1/4)) is measurable.

For each i, consider the set of x € X for which the sequence (f,(z)) satisfies the Cauchy condition with

respect to € = 1/i. That is,
1
E = {x € X:3N eNst. Vi k>N, |f;(z) - falz)] < f_}
i

We can write F; as

oo
E; = U ﬂ Eijk

N=1jk>N

Since countable unions and intersections of measurable sets are measurable, F; is measurable.

Now, since (f,(x)) converges in R iff it is Cauchy, i.e. it is in E; for each i € N, we have:

EZQEZﬁ(G ﬂ Ezgk:)

i=1 N=1jk>N



This is a countable intersection of measurable sets, and therefore £ is measurable.

Measurability of continuity loci.

Let (X, d) be a metric space, and f: X — C any function. Prove that the set of points x € X such that f is

continuous at x is a G§-set, and in particular a Borel set. Hint: consider sets of the form
{reX||fly)— f(z)| < % whenever max{d(y, z),d(z,z)} < 0}

and show off your skills with quantifiers.

Recall: f: X — C from a metric space is continuous at x € X iff for every £ > 0 there existsad > 0
such that| f(y) — f(x)| < e whenever d(y,z) < 0. We can easily check that, this condition is equivalent to:
for every ¢ > 0 there exists a § > O such that |f(y) — f(2)| < e Vy,z € Bs(x), by the relation of diameter
and radius of the open ball).

Thus we have:

x € C <= VYneN, Im e Ns.ty,zwithd(y,z) < %andd(z,x) <L 1) - f(2)] <%

m
In other words, « is a continuity point iff it belongs to:

oA o

n=1m=1

where
Unm = {2 € X |y,2€ Bi(x) = |f(y) - f(2)] < 1}

Claim: U, ,, is open.

Proof of Claim:

Letz € Up . WTS: Jan e > 0 such that B.(z) C Uy, .
1

Consider: ¢ = T

Let y € B.(x). Take any two points z, w € X satisfying
d(z,y) < 5= and d(w,y) < &
Then by the triangle inequality, we have:

d(z,2) < d(z,y) +d(y,2) < 5 + 5 =

1
2m 2m m
Similarly, d(w, ) < % Since & € Uy, m,, it follows that
1f(2) = fw)] < =
Thus, the condition defining Uy, ,,, holds for y, meaning y € U, ,,. This proves that B.(x) C Uy, thus Uy,

is open since x is arbitrary.

Therefore:

= U thn

n=1m=1

is G since each | ;- _; Uy, », is a union of open sets, thus open; and C' is thus a countable intersection of open



sets, namely a Gs-set. (thus Borel).

Measurability of differentiability loci.

Let f: R — R be any function. Let us say (as usual) that f is differentiable at x if there exists A € R such that
fy)—fl@) _

lim, ., -

We also declare f to be strongly differentiable at x if there exists A € R with the following property: for each
€ > 0 there exists § > O such that if [y — z| < dand |z — x| < 6, then |f(y) — f(2) — ANy — 2)| < €|y — z|.
(a) Does f being differentiable at x imply that f is strongly differentiable at z? Give a proof or a counterex-
ample.
(b) Prove that the set of points z € R at which f is strongly differentiable is a Borel set. Hint: consider sets

of the form
Exman i={z € R||f(y) = f(2) = Ay — 2)| < +|y — 2| whenever max{|y — |, |z — x| < = }.

(c) Extra credit: is the set of points € R at which f is differentiable a Borel set?

Sol. of (a): No. Consider the following counterexample:

We know that 2 o
f(xgz : g(o) oz sn;(l/:c) — rsin(1/z)

Note |z sin(1/x)| < |z|, so when = — 0 we have:
lim zsin(1/z) =0
z—0

Thus f is differentiable at 0 and f/(0) = 0.

f + R — R is strongly differentiable at ¥ = it is differentiable at x, and A is uniquely equal to the

derivative at x.

of lemma 4.1:
Suppose f : R — R is strongly differentiable at x, so for any € > 0, there exists 6 > 0 s.t. for all y, z € Bs(x),

we have:

F) = F) =My —2)| < ely =]

Suppose y # z, then dividing by |y — z| on both sides, we have
‘f(y) — f(z) _A) <
y—x

Since ¢ is arbitrary, this proves that
y—r Yy —
Now we go back to the counterexample. Suppose for contradiction that f is strongly differentiable at 0, then



A = 0, so for all € > 0, there exist & > 0 s.t. for all y, z € Bs(0), we have

1f(y) = f(2)| < ely — 2]
Consider € = i. Let o > 0. Take n € N s.t.

and then take

n = (2n+ %) T = (2n+ %) T
Note that each |yy|, |2,| < 0. And we have
sin[(2n+ %)77} =(-1)", Sin[(2n+ %)ﬂ'} =—(-1)"
Thus
Flyn) = f(zn) = (=1)" [y + 23]

while
1 1 1

@ntg)r @3 7@+l (@nt])

Yn — 2n =

Taking limit of this behavior (increasing n), we get the sequential limit o

1
2ot — % By taking large enough n, we can alwasy get % to be arbitrarily close to % > %. This

f % indexing over n is

7'rn2
sflows that f is not strongly differentiable at 0.
of (b):
Let f: R — R be any a function.Denote

E :={x € R| f is strongly differentiable at x }

WTS: E'is a Borel set.
Set foreach A € R,m,n € N:

Exmn = {z €R[[f(y) = f(2) = My —2)| < 3ly — 2| Vy,z € B1(x)}
1

where B 1 (z) denote the open ball centered at 2 with radius .

Then by the definition of strongly differentiable, we have:

E=U 1 U Brnn

AeR neNmeN
Claim 3.1: Each E), ,, ,, is open.

Proof of Claim 3.1: Let x € E) ;, ,,. Then

1
¥y,2 € Bym(2), |f(y) = f(2) =AMy —2)| < ~ly -2
In particular, the inequality holds for all y, 2z € By /(om)(2). Now consider By /(9. (2), let 2" € By iam) (),

then for every y € By /(2 ('), we have

sl Syl +le ] <ok =
- 2m  2m  m

50 By /(om)(2') C Bym(z). Hence the inequality holds for all y, 2 € By /(amm)(2’). This confirms that every

x € E) m n has a neighborhood contained in E) ,,, ,,, proving that E ,, ,, is open.



Now that each E) ,, ,, is open, we have |

mnEN UmeN EA,m,n isa G5 set.

men Eam,n 18 each for each A, n; thus each for each A, G :=

E:UGA

AER
is a union of G sets.
(I do not now how to deal with it then, it might be that we somehow reduce it to countable union of G sets,
getting something like ' = [ J o G using the density of Q in R, thus confirming that it is Borel.) -2. i HLff)
A BEAH] density of Q in R i, H 75275 (B 524 set operation HYMIFRL4F 1. A1 A IS

E = ﬂ U U E)\,m,n

neNXeQ meN

AL A TR R
Proof of extra credit: yes. X PMEEIEF M. FTEHEZEEMNEZE. 2 E) kimn 7 the set of points x
S.t.
1
[f(y) = F(2) = Ay = 2)[ <~y — 2]
whenever
1 1 1 1 1 1
W(1+27) <ly—zl< F(l_ 27) and [z —z| < 271(1— 27;)
Claim:

f is differentiable at x iff x € F := ﬂ U U ﬂ U U Exkrmmn

neNAeQleNr>lm>1keN

decreasing MCT: {372 H{YZ integral ] limit 2 finite

Let (f,,)$° be a decreasing sequence of non-negative measurable functions on a measure space.

(a) Prove that if lim,, [ f, < oo, then lim,, [ f, = [ lim, f,.

(b) Give an example of a decreasing sequence ( f;, ),, of nonnegative measurable functions such that lim,, f fn #

J limy, f.
Hint: use MCT correctly.
Proof of (a):
Since (f,,) is a decreasing sequence, i.e. for every x € X we have
fi(@) = folz) = f3(z) = -+

We can define the function

gn(2) = fi(x) = fu(z)

for each n € N. Then for the seq (g, (z)) we have:
o non-negatice: g, (x) > 0 Vz because f1(z) > fn(x).



e increasing in n:

gn(x) = f1i(x) = fu(@) < fi(2) = fin(2) = gm(2) Ym = n, Ve

since (f,,) is decreasing.

Define f(z) := lim,, f,(z) € R foreach z € X.
Since f,,(x) decreases to f(z) := lim, o0 frn(x), we have

Tim go(x) = file) — lim fu(e) = fi(e) — /(2)
Now we apply MCT to the increasing sequence (g,,). We have:

Jim [ g dp = /(7}5& gn) dpu = /(f1 = f)du

And since lim,, o0 [ fn dp < 0o, we have

nlggo/gndu=/f1du—/fdﬂ

Also, because of limy, oo [ frn di < 00, [ fy, is eventually finite. Say, it is finite after n > N € N. We only

need to consider n > N when considering the limit behavior.

Then for eachn > N,
Jondu= [ (5= f)du= [ fidu~ [ f.an

2. B, FRATHESRAIE f1 /Y integral b finite, AN AEIX A E X gn. IEARZHU N s.t. [ fn finite, $X
JaE X gn := [N — [n. Taking the limit as n — oo, have

lim %Muzhm(/&mN—/ﬁm@y:/ﬁmw—Mn/ﬁmM
n—oo n—oo n—oo

by linearity of numerical sequence.

Thus, combining with the result from MCT we have:

[ =t [ fada= [ frau- [ 1 an
Jim [ fudn= [ fan,

which is exactly what we wanted to prove.
Sol. of (b):
Consider defining (f,, : R — R),en with

Rearrange to get:

fn(x) = X[n,o0) (I)
Note that:

o fn is a decreasing seq: For each n and every = € R,

Frt1(2) = X[nt1,00) (T) < X[nyo0) () = ()
since [n + 1,00) C [n, 00).
o (fn) the pointwise limit:
lim f,(z)=0 VzeR

n—oo



since for each x there exists an NV (any integer greater than x) such that for all n» > N, * < n and hence

fn(x) =0.
[andA:Lmldx:m

o For each n,
/(nm fn)dA:/Od/\zo
R n—oo R

Then we have the decreasing seq of function with

lim [ fod\=oo while / ( lim fn> d\ =0

n—oo

But on the other hand

This shows that in the absence of the finiteness assumption, the limit and integration need not commute.

Vitali meet Cantor.

Construct a function f: [0, 1] — [0, 1] such that:
(a) f fails to be Lebesgue measurable;
(b) there exists a compact subset K C (0, 1) of positive Lebesgue measure such that f is differentiable at
every point x € K.
Hint: use the function g(x) = inf{|z — y| | y € K}, then square this with the title of the problem.
Sol. Let V be a Vitali set on [0, 1], C' be the fat Cantor set on [0, 1] by recursively taking away the middle open

subinterval of length 4% on the nth recursion. We consider the function:

f(x) =Xv- d(.’L‘, C)2
where
d(z,C) = {inf{[z —y| |y € C}

By Hw3, we know V is not Lebesgue measurable, and C' is compact with positive Lebesgue measure %
And since f~1({1}) = V, mapping a not measurable set to a measurable set, x is not measurable function.
And since the distance function d(x, C) is a continuous function of [0, 1], it is measurable, by the result proved

in class that a continuous funciton on a topological space is measurable.

The product of a measurable f : R — R+ and a not measurable g : R — R is not measurable.

Proof of Lemma 4.2: f measurable —> 1/ f measurable. Suppose for contradiction that fg is measurable,
then g = %( fg) is the product of two measurable functions, thus measurable, contradicting the fact that g is not

measurable. Thus fg is not measurable.

Claim 5.1: f is not measurable. Proof of claim 5.1: Thus on the open set A = [0, 1]\ C, d(z, C)? is positive,
50 xv |ad(x, C)?| 4 is not measurable since it is a product of measurable and not measurable function by lemma

4.2. Thus f is not measurable, otherwise its restriction on A should also be measurable.



Claim 5.2: f is differentiable on C. Proof of claim 5.2: Fix x € C, then f(z) = 0. We want to show: f'(z) =

limy,_sg W = limy_,0 w exists Let h > 0. Case 1: z + h ¢ V, then yy(z + h) = 0, so we have

f(x+h) =xv(z+h)d(x+h,C)* =0, then w =0. Case 2: x + h € V, we have:

d(z +h,C) = inf [(z +h) —y| < [(z +]) — 2| = ||
Y

So

2 2
‘f(a:+h)’ _ d(z+h,C) < [n? h
h ] Id

Therefore for all cases we have:

‘f(l‘Jrh) — f(z)
h

f(x+h)
\ <
This confirms that

=0

Fe) — tim L) = @)

h—0 h

This finishes the proof of required properties of f.

4.0.1 harder Vitali meet Cantor (extra credit)

We change the requirement of (a) to be: “’the restriction of f to any open interval I C [0, 1] fails to be Lebesgue
measurable”. Then how can we make the construction?
Sol. Idon’t know.
BER BAER— 4 Y
f(z) = xv - d(z,C)?

XA PRER, [RIFEA 2 R X — P ZE. T C, AMUFTPAZESE fat Cantor set, S2F5x_FAEA] choice of
compact nowhere dense set #[ 1] PA.)
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