Homework 7: on differentiaion (50/50)
None of the following questions will be graded. Do them, but do not hand them in.

Completion of (X x Y, A® B, ;1 x v) = Completion of (X x Y, A® B, i x v

Let (X, A, 1) and (Y, B, ) be measure spaces. Let (X, A, i) and (Y, B, ) be their completions, respectively.
Then, the completion of (X x Y, A® B, 1 x v) is same as the completion of (X x Y, A® B, ji x ).

Modified HL. maximal inequality (> instead of >)

Prove that there is a constant C,, > 0 that only depends on n such that for every f € L'(R") and o > 0,
C
mi{e € R [ Hf@)2a)) < T [ ()] do
R
(Remark: We had H f(x) > « for the HL maximal inequality. Here we have H f(x) > «.)

density of a mble set at a point: Dy(z) = 1 for a.e. v € F, 0 for a.e. x € E°

For a Lebesgue measurable subset E of R", the density of E at x is defined as
. m(ENB(z,r))
D =1
5(z) 0 m(B(z,r)
provided that the limit exists. Prove that Dg(z) = 1 fora.e. € E and Dg(x) = 0 for a.e. © € E°. Hint: ask

Lebesgue.



Some of the following questions will be graded. Do them, and do hand them in.

An identity: [~ 6*25"7% dzr = 1log(1+ s72)

Prove that [ 6_2“% dz = %log(l + s72) for s > 0 by integrating the function e~ sin(2zy) with
respect to x and y over suitable regions.
For fixed z > 0, by FTC we have:

sin?(z) = CL‘sin
(@) /0 (21) dt

We do change of variable t = xy. This is a valid diffeomorphism mapping y € (0,1) to ¢ € (0, ).

Then by change of variable theorem we have:

/ sin(2t) dt = / xsin(2zy) dy
(0,z) (0,1)

Thus

sin? z

1
= / sin(2zy) dy
0

x

. .. 9 ] 1
/ 6—25:1:% dr = / e =25 [/ Sin(2$y) dy} dx
0 x 0 0

f(z,y) == e ?sin(2zy), (z,y) € (0,00) x (0,1)

Then we get:

Consider the function

f is a composition of continuous functions, thus continuous. Note that it is also in L((0,00) x (0,1)) since
| f(z,y)| is bounded by g(z,y) := e~2%*, which is L' on the same domain (its integral is 5-), then by DCT,
f € L'((0,00) x (0,1)).

Thus we can apply Fubini’s theorem to switch the order of integration:

0 1
/ e 28 [/ sin(2zy) dy} dx = / e” 2% sin(2xy) d(x x y) 8.1
0 0 (0,00) % (0,1)

1 o)
= / (/ e~ 25 sin(2xy) dx) dy (8.2)
0o o

Recall back in Calculus we use integration by part to get:

o b
/0 e sin(bx) dx = P

for a > 0. In our case, a = 2s and b = 2y. Thus

< . 2y Y
2sx 2) dr = —
/0 ¢ sinQay)dr = o o T 22 4 )




Therefore we here get

00 ) 1 00
/ 6_28$M dr = / (/ 6_28$ SiH(QZEy) dl‘) dy (83)
0 x o o
1

Y
[y 8.4
/0 2 (52 +y?) Y oY

1ty
- 2/0 52 4 92 i o

By Calculus we have (by chain rule):

1 1 2
y 1. . 1, 8241y 1 .

Thus we conclude:

o] 202 1
g SINT X 1 Y

—Cdr == | 5—d 8.6
/0 c z 7 2/0 s2 +y? Y (86)

11 )
=55 log(1+ ) (8.7)

1

= Jlog(1+3) (8.8)

as desired.

FeA® A — diagonal of £/ ¢ A

(a) Prove thatif £ €¢ A® A, then
{reX:(z,xr) e E}e A

(b) Using this fact, find an example of asubset £ C R xR suchthat £, € L(R) forallz € Rand EY € L(R)
forally € R, but £ ¢ L(R) ® L(R). Hint: ask Vitali.
of (a):
We consider the map:

X = X x X (8.9)
x— (z,7) (8.10)
Then it suffices to show that ¢ is (A, A ® A)-measurable. Since if so, then for each E € A® A, ¢~ 1(E) =

{r € X : (z,z) € E} € A, which is exactly what we want.

Let A x B € A® A be a measurable rectangle, we discover that:

pMAxB)={zcX:xcAzcBy=ANBcA

N /

A

v

We first prove a lemma:



Suppose f : X — Y x Z is a function from a measurable space (X,.4) to a product measure space
(Y’X Z,81@382)
Claim: If f~1(B; x By) € A for each measurable rectangle By x By € B1®Bs, then f is an (A, B; ®53)-

measurable function.

of Lemma:
Since f *1(B x C) € A for each measurable rectangle By x By € By ® By, the preimage of any countable
disjoint unions of measurable rectangles, is also in .A, since .4 is an o-algebra.

We want to show: f~}(E) € Aforany E € By ® Bs. Itis equivalent to show that
Bi@ByCC:={EcY xZ:¢ ' (E)c A}
Note that, it suffices to show that: C is an o-algebra. This is because we have shown
{all disjoint unions of measurable rectanglesin Y x Z} C C

, and this is an algebra generating B1 ® Bs. Thus, if C is an o-algebra, we must have 51 ® By C C.
And since {all disjoint unions of measurable rectangles in Y x Z} is an algebra, it suffices to show that C is a

monotone class, by the monotone class lemma.

Suppose E1 C Eo C --- witheach E,, € C,i.e. ¢~ '(E,) € A. Since {E,} is increasing, we hve
¢ (E1) C ¢ (B2) € -0 C ¢ (Bn) C -

Since A is an o-algebra, we have

o (U Ba) =o' (Bn) e A
n=1 n=1
Thus -
U E, €C
n=1

This is dually true for decreasing intersection, finishing the proof that C is a monotone class thus o-algebra,

thus proving the lemma.

After we proved the Lemma, we return to the original statement, concluding that ¢ is (A, A ® A)-measurable,

thus finishing the proof: if £ € A ® A, then
{reX:(v,x)eE}ec A

Sol. of (b):
Take a Vitali set V' C R, and consider:

E:={(z,y) eR*:z#y} U {(z,z):x €V}



B =R r RV

/ / \_,Q:-x.xiﬂé V}

A

%) . { [ E'=Ror Ry}
l

Then for any fixed x € R, we have:

R, zeV
Ey={y:(v,y) € B} =
R\{z}, z¢V
And for any fixed y € R, we have:
R, ev
EY={z:(z,y) € E} = Y
R\{y}, y¢V

Thus E, € L(R) forall z € Rand EY € L(R) forall y € R.

However, we have E' ¢ L(R) ® L(R), since by (a) we have proved that if £ € L(R) ® L£(R), then
V={zeR:(z,z) € E} € L(R)

But it contradicts with the fact that V' is not Lebesgue measurable.

Thus E satisfies our requirements.

(This happends since, as shown in class, the product measure space of two complete measure space is not

necesarily complete. Here, the diagonal is a null set in R? and thus our Vitali portion is a subnull set, but
L(R) ® L(R) is not complete (its completion is £(R?).)

Too dense: m(E N 1) < am(l)forall ] — m(E) = 0 for mble £

Prove that if £ C L(R) is a Lebesgue measurable subset such that
m(ENT)<0.123m(I)
for all open intervals I C £(R), then m(E) = 0.

Since E is Lebesgue measurable, m(E) = m*(E).
Lete > 0.

Then by definition of outer mesure, we can pick open intervals seq {/j, } 3>, covering E s.t.

m(E) > m(ly) — e
k=1

Since £ C |Jj, Ix, we have

E:(U[k)ﬁE (8.11)
k
= U(Ik NE) (8.12)
k
(8.13)



Thus

m(E) =m(| J(Ix N E)) <> m(I,NE) by ctbl subadditivity (8.14)
k k
<0.123 Z I;) by our requirement (8.15)
Thus we have:
> m(Iy) — €< 0123 m(ly) (8.16)
k k
0.877) “m(Iy) <e (8.17)
N m(ly) < — (8.18)
- 0.877

Thus

€
)< mily) < ggz
g .

Since € > 0 is arbitrary, this proves that
m(E)=0

BEMEE 0 < a < 1, prescribe H—N7E 0 &b density 4 o/2 FIES

Let 0 < a < 1. Find an example of a Lebesgue measurable subset E of [0,00) C L(R) whose density at 0 is

«/2. Hint: Consider E = J;~, I,. where I, = (zp,, z,, + 0,,) are disjoint small intervals accumulating at 0.

== U

as the union of a countable sequence of intervals drawing near 0.

Consider take

7)

1
n n—l

3\*—*

Notice: There intervals are mutually disjoint, since
1 1 1 e

n—1 n n(n—1)>n(n—1)

we thus have for n > 2,

l n @ - 1
n nn-—-1 n-1
We use x,, := %; I, = (xn, Ty + (5n) to denote each component interval; .J,, := (z,, z,,—1) to denote the open
interval where I,, is located at; and 9,, := ﬁ to denote the length of each interval. Note that for each n,
dn = af L l) =a(Tp_1 —xpn) = ady
n—1 n
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Now we show that this set has Lebesgue density 5 at 0 below.
Letr > 0 (WLOG r < 1), then we have

1
<r < — forsomen e N
n+1 n

Then for each k& > n 4+ 2, we have % < %H

< r. Hence [}, is entirely contained in (0, r):

U I, CEN(-rr)

k=n+2
We know that by telescoping,
= 1 1 1 1 1 1
k(k—1) n+1 n+2 n+2 n+3 n+1
k=n-+2

Multiplying this by & gives:

$ o
Vo kE(k—1) n+1

Thus by monotonicity of measure:
!

n—+1

m(EN (=rr)) >

And for each k < n, I} exceeds (0, ) on the right, thus we get dually:

«
En(—r, <
m( (rr))_n_l
And we have:
2 < m )<2
n+1_m nr=4
sincen%rlgrgi.

Therefore we get:

=

m(Crr) S

HLH m(Eﬂ (—r, 7’)) &
2
n

n+1
Further simplify:
n g<m(Eﬂ(—T,7’))<n—|—1 a
n+1 2~ m((-r,r) “n-—-1 2

As r — 0T, we must have n — 0o, and we know

n n+1l «

= lim — =
n—oon—1 2

@ @
2 2

11m
n—oon -+ 1




Thus by Squeeze Theorem, we have:
m(EN(-r,r)) «

li = —
r—l>%l+ m((=r,r)) 2

Hence by def, E indeed has Lebesgue density «/2 at 0.

(My note: The key point here is that, the harmonic seq shrinks very slowly in proportion as n grows, .J,, almost
have same length as J,,4 for large n, thus m(J,,)/m(UgsnJx) = 0 as we knows, so that whether r lies in I,,
or Jp, \ I,, does not quite matter.

On the other hand, the counterexample in class, using the geometric sequence as build block of .J,,, fails since
the length of J,, is too much compared to Uj>,, Ji, actually m(J,) = m(UgsyJi), thus whether r lies in I,, or

Jn \ I, makes a lot difference, making the density at 0 undefined.)

Seqs of complex numbers: (' C (), _ P and |J,_, . (" C (>

(a) Prove that £* C Mi<peoo -
(b) Prove that {J; . ¢ C (.
of (a):

We first want to show: for any 1 < p < oo, we have:

tce
Fixp > 1.
Let (z,,) € ¢!. By definition, N
Z |z, < 00
n=1

We need to show that Y7 | |z, [P < co.

Claim: There are at most finitely many n € Ns.t. |z, | > 1.

Proof of Claim: Suppose for contradiction that there are inifinitely many n € N s.t. |z,,| > 1, say, all terms in
the subseqence {xy, }32, has [2,,| > 1. Then

oo oo [ee]
S el =) lan| =) 1=00
n=1 7j=1 7j=1

which contradicts with (z,,) € £%.

Thus, suppose only on the finite terms {;,, }évzl we have [z,,;| > 1 (WLOG N > 1). Then

00 N
Slaal =zl + >zl
n—1 j=1 n#n; for any j

Since for n s.t. n # n; for any subseq index j, we have |x,| < 1, for these indexes we have:
|zp|P < |z,| foranyp >1

Thus we have

Yoo mlP< ) <o

n#n; for any j n#n; for any j



And also,

N
Z |z,|P < oo since only have finite terms
j=1
Thus
e N
D leal? =3 lanP 4 D el < oo
n=1 J=1 n#n,; for any j
Thus

ANy

Since p > 1 is arbitrary, this proves that

0 C ﬂ P

1<p<oo
To show the strictness of the inclusion, we consider the harmonic series >~ | % We know that it diverges

and for any p > 1, the p-series > »° ; -1 (absolutely for sure) converges, thus (1) ¢ ¢! but (1) € ¢ for every
p > 1, showing that

AN
1<p<oo
This finishes the proof that
rtc (e
1<p<oo
of (b):
Fixp > 1.
Suppose sequence (x,,) belongs (7, then
o0
Z |z |P < o0
n=1

This implies that x,, — 0 as n — oo, because if it did not, there would be infinitely many terms where |x,,| is
bounded away from zero, leading to divergence of the sum.
Suppose for contradiction that

sup [zp| = 00
n

Then there are infinitely many terms n s.t. |,,| > 1, since otherwise, exists some N s.t. all |x,,| < 1forn > N,
then sup |z, | < max(1l, maxj<p<n—_1 |2s]) < 0.

Suppose for the subseq {z, 52, we have |z,,;| > 1. Thus

&) &) 00
Z ’xn’p > Z ‘xnj‘p > le =0
n—1 j=1 j=1

which contradicts with Y7 | |,|P < co. Therefore we have:
sup |zp| < oo
n

This shows that
P C e



Since p > 1 is arbitrary, this proves that

U P C I

1<p<oo

Now we show the inclusion is strict. Consider the sequence z,, = 1 for all n. Clearly, (x,,) € £>° because it is

bounded. However, x,, ¢ ¢ for any p > 1:

00 9]
Shp-Y1-
n=1 n=1

This shows
U @+
1<p<oo
Thus we have
U wce
1<p<oo

Nur fiir Verriickte

(It’s really not necessary to attempt these problems. Do not, under any circumstances, hand them in!)

Prescribing a Lebesgue density, Season 2

Let 0 < < 1 and n > 1. Find an example of a Lebesgue measurable subset £ of £L(R)™ whose density at 0
is a. Hint: think spherically.



