Homework 9: on signed measure (50/50)

Three real Banach spaces and a fake one

(a) Let
(F :={a = (a1,a2,--+) | a; € R,nlln;oan = 0}.
Prove that (£5°, || - ||oc), Where ||a|| = sup,, |ax|, is a Banach space.
(b) Let

CY(R) := {f : R — R | f is continuous and bounded}.

Prove that (C2(R), || - [|oc), Where || f||oc = sup,cg | f(z)], is a Banach space.
(c) Let
CY(R) := {f : R — R | fis continuous, lim f(x) = 0}.
xr—+o0o

Prove that (CJ(R), || - [l ), where || f||oo = sup,eg | f(z)|, is a Banach space.
(d) Recall that
Co%R) = {f: R — R | f is continuous and f = 0 outside a bounded set}.
Show that (C(R), || - [loc), Where || flloc = sup,cr |f(x)

of (a): Since we showed in class that

{°° = [*° (N, P(N)a Mcounting)

, is not a Banach space.

and L*° spaces are Banach, /*° is Banach.
Thus it suffices to show that /5° is closed in £°°, since a closed subset of a complete metric space is complete.
Let (a(k))zoz1 be a sequence in /5° converging in norm to a € £, i.e.,
[a®™ — al|s — 0
Lete > 0.

Since ||a®) — a||sc — 0, there exists K such that for all k > K,

la®) — a)| = sup [o®) — a,,| < =
n 2

This implies that

vn, o) —a,| < e

Since a'®) € ¢, i) = 0as n — co. Thus there exists N € N s.t. forall n > N,
€
jatfo] < B

Then for all n > N, we have:

|an| < lan — alf9| +1alfO) < €
This shows that

lim |ay| <€
n—oo



Since € > 0 is arbitrary, this implies

lim a, =0
n—oo

Hence a € £3°. So (5° is closed in £°°, thus itself Banach.
of (b): Let (f,,)nen be a Cauchy seq in (CP(R), || - [|oo), then
Ve > 0,IN €N s.t.||fn — finlleo = sug |fn(z) — fr(2)] < €
T

In particular, for each fixed x € R, (f,,(z))nen is a Cauchy sequence in R, hence converges (since R is complete).

So we can define the pointwise limit:

f(@) = lim fu()

n—oo
Claim 1: f, — fin || - ||sc-
Lete > 0.
Since (fy,) is Cauchy in || - |0, there exists IV such that:
an_meOO<€7 anmzN
Fix m > N, and let n — oo. For each z, we get:
Fa(@) ~ fn(@)| <2 ¥ =5l [fu(a) = fn(@)] = |f(2) ~ fmlz)| <€
Since this is true for each x € R, we obtain:

|f — fmlloo <€, forallm >N

Since € > 0 is arbitrary, this shows that
lim || f = falleo =0
n—0o0

Claim 2: f € (C)(R), || - [|oo)-

Since limy, o0 || f — fnlloo = 0, it also implies that the convergence is uniform.

We know the uniform limit of continuous functions is continuous, so f is continuous. It remains to show f is
bounded, and this directly follows from the uniform convergence. We take ¢ = 1. We have proved that there

exists NV s.t. forallm > N,

1f = fmlloo <1

Thus

sup | f(z)| < sup|fn ()| +1
z€R z€R

Since f,, € CY(R)), it is bounded, thus

sup | f(z)] < oo
zeR

showing that the limit function is bounded. This finishes the proof that f & C,? (R). Thus, every Cauchy seq in
(CY(R), || - ||oo) converges in (CP(R), || - ||oo), i-€. it is Banach.
of (c): Let (fn)nen be a Cauchy seq in (C§(R), || - |lco), then for each fixed z € R, (f5(2))nen is a

Cauchy sequence in R, so for the same reason as (b), we can define the pointwise limit:

fe) = lim fu(x)



And for the same reason as (b), we get

Jo = fin | lo

which also implies that the pointwise convergence is uniform. Since each f,, is continuous, the uniform limit f
is continuous.

Thus it suffices to show that lim, 4 f(x) = 0.

Let € > 0. Since f,, — f uniformly, there exists NV such that for all n > N, || f,, — fllcc < €/2. Also, since
fn € CJ(R), there exists M > 0 such that | fx(z)| < €/2 for all |z| > M.

Then for |z| > M,

[f(@)| < [f(x) = fn(@)] + | In(2)| <€/2+€/2<e

So lim, 400 f(z) = 0, ice., f € CJ(R). Thus, every Cauchy seq in (C{(R), || - ||s) converges in (CJ(R), || -
loo)s i.€. it is Banach.
of (d): We consider a continuous (smooth actually) function ¢ : R — R with supp(¢) = [0, 2] (here

we take the closure):

o(z) == exPGﬁ)v 0<z<2,

0, otherwise
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For each integer n > 1, define

Then each ¢, is also continuous, and supp(¢y,,) = [n,n + 2].

Consider the sequence (S )$°, defined as:

N
Sn(x) = 27" ¢n(2)
n=1

Theneach Sy € CY(R), since finite sum of continuous functions is also continuous, and supp(Sy) = [1, N+2],
thus each Sy € CO(R).

Claim: (Sy){° is Cauchy in the sup norm.



This is because for each (WLOG) M > N € N,

LA
1S3 = Swlle = || 32 520w
n=N+1
M

< Y sl

n=N+1

o0

o0

> il

n=N-+1

IN

o0

. 1 _ 1 Nowy
2ne  2Ne
n=N+1
Thus for arbitrary € > 0, exists K € Ns.t. forall M, N > K, ||Sy; — Sy||co < €. And by same reason as (b),

(c), (Sn)3° converges by || - || into its pointwise limit:
oo

S(x) = 27" ¢n(x)
n=1

But S() does not have compact support, supp(.S) = [0,00). So S ¢ CO(R). This serves as a counterexample
showing that C?(IR) is not Banach.

vi(E), v~ (E), |v|(F) i) formula from original v

Let v be a signed measure on (X,.A), and E € A. Prove the following statements:
(i) vT(F)=sup{v(F)|: FE A FCE},andv (FE)=—inf{v(F)| Fe A F C E};
(i) |v|(E) =sup{Y, [v(E;)| | N e N, E = JY, E; disjoint union};
(iii) |v|(E) > |v(F)|. In the case v finite, it achieves equality iff E is positive or negative for v.

of (i): By the Hahn decomposition theorem, we can take a Hahn decomposition X = P LI N where
v(A) >0 forall AC P, v(B) <0 forall BC N
Fix £ € A. By Jordan decomposition we have
vH(E)=v(ENP)
Fix F C FE, we have:
F=(FnP)U(FNN)
Since v(F' N N) < 0, we have:
v(F)<v(FNP) < v(ENP)=v"(E)
Since F'is arbitrary, this shows:
sup{v(F) | F C E} <v'(E)
On the other hand, taking ' = N P C E, we get
v(F)=v(ENP)=vt(E)

Hence
sup{v(F) | F C E} > vt (E)



Combining both inequalities gives
vH(E) =sup{v(F) | F C E}

Similarly, since v(F N P) > 0 and v(F) = v(F N P) + v(F N N), we have v(F) > v(F N N). And Since
V(ENN)=v(FNN)+v((E\F)NN)withv((E\ F)NN) <0,wegetv(FNN)>v(ENN).
Putting it together:

v(F)>v(FNN)>v(ENN) =—v (E)

Since F' is arbitrary, this shows:
inf{v(F) | F C E} > —v (FE)
On the other hand, taking ' = EN N C E, we get
v(F)=v(ENN) =-v (E)
Hence
inf{v(F) | F C E} < —v (FE)
Combining both inequalities gives
v (E)=—inf{v(F)| F C E}
of (ii): Let £ € A. By def of total variation measure,
WI(B) = v (E) + v (E)
One direction of the equality is easy. Take a Hahn decomposition X = P LI N where
v(A) >0 forall AC P, v(B) <0 forallBC N
Then by Jordan decomposition, we have:
vi(E)=v(ENP), v (E)=-v(ENN)
So by taking £y := EN P, Ey := EEN N, we have:
WI(E) = vi(E) + v (E) = v(E1) + v(E2)
This shows that
VI(E) < sup{) [v(E)|}
And for the other direction, for any disjoint measurable partition £ = Uf\i 1 Ei, we have

w(E)| = v (Ei) — v (By)| < v (E) + v (B = [v|(E:)

Therefore N N N
S IvE)] < S IIE) = vl B) = vI(E)
=1 =1 =1

since |v| is a p.m. and the E;’s are disjoint. Thus

sup{i v(B)I} < IvI(B)
=1



Combining the two inequalities gives
N

N
W|(E) = sup{Z’y(Ei)‘ ‘ N €N, E = | E; disjoint}
i=1 i=1
proving the statement.
of (iii): Let ' € A. The ineq |v|(E) > |v(E)| follows from triangular ineq on R:
W(E)| = [vH(E) — v (B)| < v (B)+ v (B) = |v|(E)
Now we assume v is finite (i.e. |v|(X) < 0o). The equality condition |v(E)| = |v|(E) is detailedly:
‘I/+(E) — V*(E)} =vH(E)+v (E)
Since |v|(X) < 0o, vT(E) < coand v~ (E) < oc.
Case 1: vT(E) > v~ (E), then

W (E) - v (B)|=vT(E)+v (B) < v'(E)—v (E)=v(E)+v (E)
— v (E)=v (E)
— v (E)=0
<~ ECP

Case 2: vT(E) < v~ (E), then

VH(E) = v (B)|=vT(E)+ v (E) < v (E)—vT(E)=v(E)+v (E)
— —vT(E)=vT(E)
«— vT(E)=0
<— ECN

Therefore the equality condition implies that E' must be positive or negative for v; and in converse, if E is neither

positive nor negative set, in either case it implies |v(E)| # |v|(E), E)| = |v|(E)iff Eis

positive or negative for v.

Signed integrals

Let v be a signed measure on (X, .A).
(i) Prove that [ gd|v| = [gdvT + [gdv™ forg € LT(Jv|) or g € L'(|v]).
(ii) Define L(v) = L*(v*) N LY(v™). Prove that L' (v) = L(|v]).
(iii) Define [ fdv = [ fdv™ — [ fdv~ for f € L'(v). Prove thatif f € L'(v), then

/ favl < [if1dp

(iv) Suppose that v is a finite measure (i.e. v*(X) < 00.) Prove that if E € A, then

() - SUP{‘/Ede 1l <1}
of (i): Take a Hahn decomposition X = P LI V.

Then by Jordan decomposition,

vH(E)=v(ENP), v (E)=-v(ENN), VECX



and therefore P is null setof v~ and N isnull setof v+. Soon P, [v| = vt +v~ =vT;on N, [v| = vt +v™ =

v~ Thus, suppose g € Lt (|v]),

/gd|1/|:/ gd\y\:/gd\uH—/ gdlv| since X = PUN
X P N

:/gdu++/ gdv~ since |v| =vT, v on P,N
P N

:/gdu++/gdu_ since N, P is null for v, v

Suppose g € L'(|v|), then

/gd\y\:/ gd|u|:/ g+d1/—/ g d|v| by def
X X X
= </9+d’/++/ g+dy) - </gdl/++/ gdl/) since X = PUN
P N P N
:(/ g*du*—/gdﬁ)—i—(/ g*du—/gdu)
P P N N
:/gdzﬁ'—i—/ gdv~ since g € L(|v|)
P N

= /gdu+ + /gdu‘ since N, P is null for v, v
This finishes the proof.
of (ii): WTS: L (v*) N LY (v™) = LY (|v|).
(=): Suppose f € L*(|v]),ie. [|f]dlv] < occ.

Let ¢ be arbitrary positive-valued simple function:

n
¢= Z ajXE;
j=1
then

/¢d|v| =S av(B)
=1

Since v~ (E;), vt (E;) < vt (Ej) + = |v|(FE;) for each j, we have

/gbdu /qﬁdu </¢d\1/\
Since ¢ is arbitrary, we have

/|f|du+ - sup{/¢du+ L0< ¢ < |f], ) simple} < sup{/¢dru :0< 6 < |f], simple} = / Fldlv]

Same for v~ . This shows that
[1s1avt, [1r1d </|f!d\V\<oo

ie. feL'(vT)and f € L'(v7),s0 f € L'(vT) N LY(v
Thus
LY(v|) c v n L (v)

/|f|du < 00, /|f|du < oo

(<): Suppose f € L*(vT)nLY(v™



Since | f| is non-negative and measurable, we have |f| € L (|v|). Thus by (i) we have:

[istam= [1s1at+ [ 15107 <oc

L'(v*)nLi(v™) c Li(|v))

So f € L*(|v)).
This shows that:

Combining both direction, we finished the proof that:
L' )n L' (v™) = L'(lv)
of (iii): Suppose f € L'(v), then

/fdl/ /fdu /fdy
g'/fdzﬁ +‘/fd1/_

< /|f| dvt + / |f|dv™ by property of L' integration

by def

by tri ineq

:/\f|d|y| from (i)

‘/fdu < [1f1am

of (iv): Suppose that v is a finite measure (i.e. v (X) < c0), let E € A.

S::sup{'/ fdv
E
First we show S < |v|(E):

For any bounded measurable f with || f||cc < 1,

\ [rar]< [1nav vy
E E

Therefore,

We denote:

1o < 1}

< / 1dJv| Dby linearity of integration
E

= [v[(E)
So by taking the supremum over such f, we get:
S < vl(EB)
Next we will show |v|(E) < S:
We take a Hahn decomposition, getting X = P LI N where
vH(B)=v(PUB) >0,v (B)=-v(PUB) <0, foral BC X
Then
v|(E) =v(E)+v (E)=v(ENP)—v(ENN)

Now define:

f=xp—xn



Then f is measurable since P, N are measurable. And || f||oo < 1 since f(x) € {—1,1}Vax € X Compute:

/fdu—/ ldu—/ ldv =v(ENP)—v(ENN)=vH(E)+v (E)=|v|(E)
E ENP ENN

vie) = | [ rav

v[(E) =S

Thus
<S

Combining both inequalities, we get:

finite signed measures on (X, A) 2—/ NVM

Let (X,.A) be a measurable space.
(a) Let A, i be finite positive measures on (X, A). Let v = A\ — p. Prove that
vI(E) SME),  v(E)SuE),  I(E)<AME)+ uE)
forevery £ € A.
(b) Let v and k be finite signed measures on (X, A) (i.e. v(E),x(E) € R for all E € A). Show that
v+ RI(E) < [VI(E) + [5[(E)
for every E € A.
(c) Let M be the collection of finite signed measure v on (X, .A). For v € M, define
[l = [v1(X)
Prove that || - || is @ norm on M with an appropriate definition of the sum of two signed measures and the
multiplication of a signed measure by a (real) scalar.
(d) Suppose (X, A) = (R, B(R)). Compute |5, — J,| for z,y € R.
Remark: the norm on M is called the the total variation norm.
of (a):
Recall in problem 2 we get:
vH(E)=sup{v(F): FCE,FEA}, v (E)=—-inf{v(F):FCE,FecA}
Claim 1: v+ (F) < \(E).
Let F C E, F € A. Then:
V(F) = A(F) - u(F) < A(F) < A(E)

since F' C F and ) is positive. Taking the sup over all such F', we get

vi(E) = sup v(F) < \(E)
FCE

Claim 2: v~ (E) < u(E).
Similarly as Claim 1, for any F' C E, since A and y are p.m., we have

V(F) = \(F) = p(F) > —p(F) > —p(E) = —v(F) < p(E)
Taking the inf over F' C E, we get

v~(E) = — inf v(F) < u(E)



Claim 3: |v|(E) < A(E) + u(E).

This is just combining the two ineqs:
V() = v(E) + v (E) < ME) + u(E)

of (b):
Let £ € A. WTS: [v + &|(E) < |V|(E) + |&|(E).

Recall in problem 2 we showed that for a signed measure ¢ and a measurable set &/, we have:

n N
|o|(E) = sup {Z lo(E;)| : E = |_| E}

Let { E;}?_, be any finite measurable partition of E. Then for each E;:
(v + /) (E)| = [(Es) + k()| < v(E:)| + k()| (by tri ineq on B)
Summing over the partition, we have:
n n n
DI+ R)EN <Y WE) + ) In(E)
i=1 i=1 i=1

Now take the supremum over all such partitions of E':

n N
v+ k|(E) = sup {Z v+ R)(E)]: E=] | E}

=1 i=1
n n N

< sup{zww 3] B = uEz}
=1 =1 =1
n N n

< sup {Z W(E)|: E=| | E} + sup {Z k(E)|: E=| | B
=1 =1 =1 L

= [VI(E) + |x|(E)
Since measurable F is arbitrary, this finishes the proof.
of (¢):
M := {all finite signed measures on (X,.A)}

and for v € M, we define:

[ = [ [(X)
WTS: || - || is a norm on M.
1. Positive Definiteness:
Let v € M. Since |v| is a positive measure, ||| = |v|(X) > 0.
Since |v/| is a positive measure, ||v|| = |v|(X) > 0.

Suppose |v|(X) = 0, then X is a |v|-null set, so |v|(E) = 0 forall E € A. Thus v = 0.
And suppose v = 0, then |v| = 0 also, so |v|(X) = 0.
Thus, ||v|| = 0 iff v = 0. This finishes the proof of positive definiteness.

2. Absolute Homogeneity:



Since for any measurable set E:

lav|(E) = sup {Z |(av)(E;)| : E
i=1

n N
- sup{Z\aHu(Ei)r B - |_|Ez}
=1 =1

- \a\sup{zwuwm B |

= lal - [V|(E)

We have:

lav|| = lav|(X) = |a| - [v|(X) = [a] - [[]

finishing the proof of absolute homogeneity.
3. Triangle Inequality:

Recall we just proved in (b) that for any measurable E:

v+ w[(E) < [V[(E) + [£[(E)

Thus

[V + &l = v+ &[(X) < [r|(X) + [£](X) = [v]| + [I~]

finishing the proof of triangle inequality.

So we can conclude that ||v|| := |v|(X) defines a norm on M, with the standard definitions of addition and

scalar multiplication of signed measures.
of (d)
Suppose (X, A) = (R, B(R)). Compute ||0; — &,]| for z,y € R.
Recall def: For any Borel set A C R,
1 ifzeA
0z(A) =
0 otherwise

So we define the signed measure v := 0, — J, as:

v(A) = 02(A) = 0,(A)

If x =y, then 0, = 6, then v = 0, so ||v|| = 0. This is the trivial case. if « # y: We first compute the Jordan

decomposition.

We know that v (E) = sup{v(F) |: F € A,F C E},and v (E) =

E > x, we have
vH(E)=v({z}) =1

In other cases, we have:
vi(E) =v(E\{y}) =0

—inf{v(F) | F € A, F C E}. For any



For any F > y, we have

v (y)=-v({y}) =1

In other cases, we have:
v (E) =—v(E\{z})=0

And we thus discover that:

So
Il = WI(R) = 6,(R) + 6,(R) =1 +1 =2

Thus we can conclude that
2 ifx#y

0 otherwise

Il =

and more: finite signed measures on (X, .A) 2B B —)* real Banach space

Prove that the normed vector space M in the previous problem is in fact a Banach space.

In problem 4 we have shown that on (M, || - ||) is a normed vector space, where
M := {all finite signed measures on (X,.A)}

and
v = [v|(X)

Now we prove that the NVM (M, || - ||) is complete, i.e. it is a Banach space.
Let (v,,) be a Cauchy sequence in M. We have
[Un(B) = vim(B)| = |(vn, — v ) (B)] < ||vn, — v forall B e A

In particular, (v, (B)),, is a Cauchy sequence for all B € A. For each B € A, this is a Cauchy seq in R, thus
converges. So we can get:
v(B) := limv,(B)
n

as the pointwise limit (by a point we mean a set).
Claim 1: v € M.
Since for all n, v, (&) = 0, we have:
V(D) = liyrbn vn(2) =0

For a countable disjoint union of measurable sets £ = | |°, E;,
liTan vn(E) = liTILn Z vn(E;)
3

is the limit of a finite sum of numerical sequences in R. So we can exchange the order of taking limit and sum.

Then we get:

v(E) = limv,(E) = lirrlnz v (E;) = Z lim v, (E) = ) v(E3)

7

12



And notice, for each measurable set B € A, since (v,(B)),, is a Cauchy sequence in R, it is bounded, thus
does not admit co, —oo values. verifying that v is a valid signed measure.
Also, this means that taking Hahn Decomposition X = P U N by v, we have
vi(X) =v(P), v (X)=-v(N)
Since v(P), v(IN) are bounded, we have: Thus
v|(X) = v(X) +v7(X) < oo
This verifies that v is a finite s.m.
Claim 2: v, — vin | - ||. Fix € > 0. There exists N such that ||v,, — v, || < /2 for all m,n > N. Thus for
all n > N we have:
(v —v)(B)| = li%n\(yn —vm)(B)| <e/2, VBeA VYn>N

Notice that
vH(B) =sup{v(C) | C € A, C C B}

and
v (B)=—inf{v(C)|Ce A CcC B} =sup{-v(C)|CeA, CcC B}

It follows that
(vn — )T (X) =sup{(vn —v)(B) | BE A} <¢/2, VYn>N

Similarly,
(v —v) (X) =sup{—(vn, —v)(B) | Be A} <¢/2, Vn>N

Thus
v = V|(X) = (vp — ) (X) + (v —v) " (X) <€

This holds for all n > N. And since € > 0 is arbitrary, this proves that

lim ||y, —v|| =0
n—oo

As aresult, v, — v in | - ||, completeing the proof.

Nur fiir Verriickte

(It’s really not necessary to attempt these problems. Do not, under any circumstances, hand them in!) Does
there exist a signed Borel measure v on R with the property that for every o € R there exists a Borel set E C R
with v(E) = .



