Homework 10: on LRN Theorem and complex measure (40/40)

(Note: For this homework I applied for an one-day extension since I met with some emergent problem with my

bank and rent payment.)

complex measure [ total variation Y formulas

Let v be a complex measure on a measurable space (X, .A). Prove that, for any E € A:

n
W|(E) = sup{2| Dl n €N, Er ... E,disjoint, E=| | E;}
j=1
o0
= Sup{Z| D | By, By, disjoint, E = (] E;}
j=1

= sup{| /Efdl/} | f: X — C measurable, |f| < 1}.

Take some positive measure p s.t. v < p (e.g. 1 := |Rev|+ |Imv|), then by RN Thm there exists
p-unique RN derivative f, and |v| can be defined by

dlv] = |f] dy
Now we denote:
n
= Sup{z v(E;)| |n €N, E; ... E, disjoint, E = | ] E;}
j=1
o0
= sup{z |v(E;)| | Ei, Es, .. .disjoint, E = U E;}

j=1
ps(E) = Sup{‘/ fdl/‘ | f: X — C measurable, |f| < 1}.
E

We will prove the equality by showing that p1 < o < [V|(E) < us < uq.

Claim 1: p; < po.

Proof: This is trivial since for each finite disjoint segmentation £ = |_|?:1 E; of E can be made into a countable
segmentation of £, by taking all Ex = @ for N > n + 1. So every value included in {37, [v(Ej)| | £ =
L=y Ej}isalsoin {3°72, [v(Ej)| | E = [ |}Z, E;}. Thus taking sup, we have the ineq.

Claim 2: po < |v| < pus.

Since v < |v| (Folland prop 3.13), by complex RN Thm we have have

= ﬂ e L'(|v])

Notice that f have absolute value 1, |v|-a.e. (Folland prop 3.13)



Suppose F = LI{°E;, we have:

[e.e] [ee]
Z v (Ej)| < Z lv| (Ej) by property of total variation measure
= v|(E) = / 1d|v| by ctbl disjoint additivity
E
= / |f)2d|v| = / ffdv| since f have absolute value 1 v-a.e.
E

/fd| v

To confirm this equal to | f dv, we extend Folland prop 3.9 to the complex case.

Proposition 11.1

For complex measure v and o-finite positive measure p s.t. v < p, if g € L (v), then

d d

g(dl/>eL1 /gdy_/ (V)

3 o
And the proof just follows from the finite signed-measure case, applied both to im part and re part.
/gdu = /gd(Rel/) —I—i/gd(lmu)
d(R: d(l
:/g (Rev) d,u—i—i/g (Imv) dp
du du
v

=149

Now we back to Claim 2, since f, f € L'(v), we have:

Since |f| < 1 (in v-a.e. sense), this shows that every element in {252 W(Ey)| | E = 52, Ej} is less then
or equal to |v|(E)|, and |v|(E)] is less then some element in {| [}, f dv| | measurable [f| < 1}, proves that
p2 < |v| < ps.

Claim 3: u3 < pg.

For arbitrary simple function ¢ := Y} cxx g, Where |c| < 1 forall k, E; s are disjoint and | J;_; E; = E. We



have
n

>

Ck/ XEde
k=1 By
n
= lexl v (Ex)|
k=1
n
<Y v (B
k=1

< pui(E)

Now we consider the general case: any measurable f.

/E bdv

Fix arbitrary measurable f s.t. |f| < 1, since it is measurable, we can choose seq of simple functions (¢, )$°

that approximate f pointwisely from below.

lim ¢, = f

n—oo
with
0 < |p1| <|go| <--- <|f]

Then | f| as a dominating function for (|¢y,|),, by DCT we obtain:

/ fd(Revr) hm ¢>n d(Rev)
and
/ fd(Imv) = lim [ ¢,d(Imv)
E n—o0 E

[Efdu—[Efd(Reu)—i—i/Efd(Imy)
:nli_>nolo</E<;Snd(Re1/)+i/E¢nd(Imy)>

= lim Ondv

n—oo E

Thus

Since for each ¢, we have 0 < |¢,,(z)| < |f(z)| < 1fora.e. x € E, we can apply the ineq we obtained that

/aﬁndu
/Efdz/

Taking supremum over f, proves that u3(F) < p1(E).

< pui(E)

for each n. Thus taking limit we get:

< ui(E)

Thus since we have shown p; < po < || < ug < ui, every inequality above is an equality, i.e.

p = pg = p3 = |v|
finishing the proof.
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Let v be a complex measure on a measurable space (X, A).

11.0.1 v(X) = |v|(X) <= v = |v| <= v positive

(i) v(X) = [v[(X);
(ii) v is a (finite) positive measure;
(iil) v = |v].
Proof (i) = (iii): If v is positive then v~ = 0,s0v = |v| = v™.
(iii) = (i): Trivially true by taking £ = X.
(i) = (ii): Take some positive measure p s.t. v < p (e.g. u = |Rev| + |Imv]), then by RN Thm there

exists p-unique RN derivative f, and || can be defined by

dv| == |fldp

[tan=[1fldu e [Refduri [1ngdu= [171dn

Since the right hand side is real, we have:

Then by def

51 Re ) du =0
Note that, | f| — Re f is always nonnegative, so this implies that Re f = | f| p-a.e.
Thus Im f = 0 p-a.e., so f = | f| is real and positive p-a.e. Thus
v(E) :/ fdueRy, VEe€A
E

finishing the proof that v is a positive measure.

11.0.2 [v(X)| = [v|(X) <= v = A|v| for some |\| =1

Prove that the following two conditions are equivalent:
W) [r(X)] = [v[(X);
(ii) there exists a complex number A with |A| = 1 such that v = A|v|.

Proof (i) = (ii): Since v < |v|, by complex RN Thm we have RN derivative

h:= c;|lzlj] e LY(|v))
Notice that /4 have absolute value 1, |v|-a.e.
Then by def of RN derivative we have
v(X)= / hd|v|
X

Thus

waN:UhW4s/mwwa/mw=wa>
X X X
Since we have |v(X)| = |v|(X), it implie that:

’/MM—/MMW
X X
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Claim: h is constant |v|-a.e.

We first prove a lemma:

Let i be a finite positive measure.

For measurable function f : X — C, if | f| = k a.e. for some nonzero constant k£ and

‘/fdﬂ — [171dn

then f must be a.e. constant.

Proof of Lemma: Set:

Then |c| = 1, and we consider:

/fduzc/fdulzc/ﬂdu
Jodu=c [ sau=ce [1f1du= [ \f1dn
/gd,u:/Regd,u—Fi/Imgdue(C

Define g(z) := ¢f(x), so:

Notice [ |f]dp € Ry and

Thus
(/P%gdu==/wmdu==/Wfdu:=¢ /kReg—IM)@LZO
Since by def:
0 <Reg < g
We must have
Reg=|g| a.e.

This proves that g is a.e. real. And also since |g| = | f| = k a.e., g is then constant £ a.e.

Therefore, f is constant % a.e.

Now we go back to the proof of the original statement. By our Lemma we get:

hd
h = LJ constant for |v|-a.e. x
S hdp
Therefore,
hd
y = Rl
Jhdu

This finishes the proof of (i) = (ii).

(i) = (i): This direction is trivial. Since v = A|v|, we have

(X = A|(X) = 1|p[(X) = [v](X)
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11.1 complex measures on (X, A) 2B, —]> complex Banach space

Let (X, .A) be a measurable space. Prove that the set M of complex measures on (X, .A) is a complex Banach
space, with norm given by ||v| = |v|(X).
Claim 1: M is a complex vector space, with addition operation defined by the addition of two complex

measures, and scalar multiplication defined by scaling a complex measure by a complex number.
Proof of Claim 1: For v, u € M, and o € C, define:

o (v+p)(E):=v(E)+p(E)forall E € A

o (aw)(F):=a -v(E)forall E € A.
Then: (v + u)(@) =0+ 0=0, (av)(&) = a0 = 0.
Also, v + p and av are both countably additive, since sum and scalar multiples preserve this property: for
E =32, Ej witheach E; € A, we have:

and

So they are also complex measures, showing that M is closed under addition and scalar multiplication, thus a
complex vector space.
Claim 2: total variation ||v/|| := |v(X)| defines a norm on M.
Proof of Claim 2: To verify this is a norm, we check the norm requirements:
o Nonnegative: ||| > 0,and |[v| =0<= v =0

Proof: ||v|| > 0 follows from that |v| is a p.m.

v[(X) =

Conversely, if v = 0 then

n
vl o= (X)) = SUP{Z v(E))| : X = | | B} =sup{0} =0
j=1
finishing the proof that ||v|| = 0 <= v = 0
o Homogeneity: ||av| = |af - ||V
Proof:

lav| = |av|(X) = Sup{z lav(Ej)]: X = |_| E;}
= Ia!SHP{Z\V(Ej)\ 1 X = |_| E;}
=1 =1

= [ [(X) = [af[lv]

o Triangle inequality: ||v + p|| < ||v| + [|u|
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N
<sup Z(‘I/(Ez)‘ +|k(E)|) : X = |_| Ez} by tri ineq in R
i=1

7
= [v[(X) + [k[(X)
Here we have finished the proof of (M, || - ||) being a normed C-vector space.

Claim 3: (M, || - ||) is complete (thus Banach space)
Proof: Let (v,,) be a Cauchy sequence in M. We have

Va(B) = vin(B)] = (v = 1) (B)| < |(vn = 1) (X)] = [[1a — vin||forall B € A

In particular, (v, (B)),, is a Cauchy sequence for all B € A. For each B € A, this is a Cauchy seq in C, thus
converges. So we can get:
v(B) := limv,(B)
n

as the pointwise limit (by a point we mean a set).
Claim 3.1: v € M.
Since for all n, v, (&) = 0, we have:
V(D)= ligjn vn(2) =0

For a countable disjoint union of measurable sets £ = | |, E;,
v(E) = limv,(E) = lim Z Un(E;)
2
We know by property of total variation measure that for each n we have:

Z v (Ei)| < [val(X) = [lvnll < M

for some uniform bound M for each n, since ||v,|| is a Cauchy seq in C. Thus we can exchange the order of
taking limit and sum. Then we get:
v(E) = lizn vn(E) = liran; vn(E;) = ; lién vn(E;) = ; v(FE;)
verifying the countable disjoint additivity.
And notice, as we have mentioned, for each measurable set £ € A, since (v, (FE)),, is a Cauchy sequence in C,
it is bounded, verifying that v is a valid complex measure.
Claim 3.2: v, » vin || - |.
Fix e > 0.
By Cauchy in || - ||, there exists N € N s.t. for all m,n > N , we have

[vm = vnll = [vm —val(X) <€
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Fix n > N, and consider the sequence v,,. Then v,,, — v pointwise implies v, — v, — v, — v pointwise.
Thus

v — V|| = |vn — v[(X) < liminf |v, — vy |(X) <€
m—r00

Since € > 0 is arbitrary, this shows that, ||, — v|| — 0 as n — oo, proving the convergence is in norm.

Now we conclude that (M, || - ||) is a Banach space.
Positivity
Let v1, v be complex measures on a measurable space (X, .A) such that ||y + vl = |[v1]] + ||v2||. Is it true

that there exists a nonzero constant ¢ € C such that av; and avs are both positive measures?
Sol. No, not necessarily.
Consider X := {m,n}

Define vy, 15 by atoms:

v(fm}) = m{m}) =1, ni({n}) = m({n}) = -1
Then
[v1 +v2f| = (2] = |21 [(X) = 4 = [Jva]| + [[v2]]

But there is no nonzero constant a € C such that av; and av, are both positive measures.

This is because for any nonzero constant a scaled on v;: if a real, then it either flip, or preserve the sign of
v1({m}) and v; ({n}), where there is always one positive number and one negative number between them;
if a complex, then make the two numbers complex.

In both case, v1 cannot become a positive measure. And since v5 is defined the same as vy, same for it. Therefore

it can never become positive measure by scaling a nonzero constant.

Averaging: Conditional Expectation

Let (X, A, i) be a finite measure space (i.e. a measure space such that u(X) < oo). Let B C A be a sub-o-
algebra, and set v := p|g. Thus (X, B, v) is also a finite measure space.
(a) Prove thatif f: X — C is B-measurable, then f is .A-measurable. Is the converse true?
(b) Suppose that f € L'(u). Prove that there exists a B-measurable function g € L'(v) such that | pfdu=
/, pgdvforall E € B. Also prove that any two such functions g must agree outside a set of v-measure
Zero.
(c) Construct g explicitly in the case when X = {1,2,3,4}, A = P(X), pu({i}) = 1/4fori € X, and
B ={0,{1,2},{3,4}, X}. Thus, given the four complex numbers f(i), 1 < i < 4, you should find the
four complex numbers g(i), 1 < i < 4.
Hint: use the Radon—Nikodym Theorem. Remark: if p is a probability measure, then we can view g as the
conditional expectation of (the random variable) f with respect to the o-algebra 5.
of (a): Suppose f : X — C is B-measurable, then for any Borel set B C C, f~1(B) € BC A, so fis

A -measurable.
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The converse is not true.
Consider X ={0,1,2,3}, A:=P(X),B :={2,X}.
Consider f : x — x from X to R.

f is A-measurable since A is the power set, containing all subsets of X.
But f~1({0}) = {0} & B. Thus f is not B-measurable.
of (b): Let v := 11|, and define a signed measure on 3 by:

ME) = / fdu, EeB
Then A < v, since v(E) = u(E) =0 = A\(E) :EO.
By Radon-Nikodym Thm, there exists a B-measurable function g € L' (v) such that
ANE) = / gdv forall E € B
Then )

/fd,u:/gdy, VE € B
E E

Suppose g1, g2 are both such functions, then

/ (g1 —g2)dv=0 VEe€RB
E
Define
Gt i={g1—92>0},G™ :={g1 — 92 < 0}

These two sets are in B since g1, go are B-measurable. Then we have:

/CH(gl_gZ)dV:/G(gl_gQ)dV:O

Since on G we have g1 — g2 > 0,
/ (g1 —g2)dv =0 = / lg1 — go|dv =0 = g1 = go v-ae.onGT = v(GT) =0
G+ G+
Similarly, since on G~ we have g1 — g2 < 0,
/ (g1 —g2)dv =0 = —/ g1 —g2|ldv =0 = g1 =gy v-ae.onGT = v(G7)=0
_ o
Thus
v{gi # g2} = v(GT) +v(G7) =0
This finishes the proof.
Sol. of (¢): Given:
o X ={1,2,3,4}
o A=P(X)
o u({i}) = 1/4 for each i
o B={0,{1,2},{3,4}, X}
Suppose we have: f: X — C,so f(i) € Cfori = 1,2,3,4. We want to find: g(i) € C,i = 1,2,3,4, such

that g is B-measurable and
/ fd,u:/ gdv foral B € B
E E

Notice that B = {0, {1,2},{3,4}, X}, we must set g(1) = ¢(2) and g(3) = g(4), this is because, suppose if
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we set g(1) # g(2), then it will happen that

leg'(g(1) #2

No set in B satisfy this condition, thus g~*(g(1)) & B, contradicts that g is B-measurable.

Thus we set
9(1) =g(2) =a, ¢g(3)=g4) =0
We have: 1 )
[ aw= [ gav=swun+ seuten = 1O
{1,2} {1,2}
and

| ga=| Fav = F@u((3) + f@pu(ia) = LI
{3,4} {1,2}

while on the other hand

/ gdu:9(1)+g(2) _ @ / gdu:g(3)+g(4) b
{1.2} 4 20 Jpa
Thus g is defined by:

o(1) = g(2) = TDEIO g3y - g

Thus what g expressses: is the conditonal expectation of f on {1,2}, {3,4}.

fB)+1(4)
2

(Therefore it can be generalized: given any sub c-algebra B C A, there exists a u|g-unique 5 measurable

function g € L (u|p), that is the conditional expectation

g=E[f | B]

/deuz/BE[fB]du

s.t. for B € B,

it gives the average of f on sets in B.)

Nur fiir Verriickte

(It’s really not necessary to attempt these problems. Do not, under any circumstances, hand them in!) To any
measure space (X, .4) we can associate a new measure space (Y, 5), where Y is the Banach space of complex
measures on (X, .A), and B is the Borel o-algebraon Y.
(a) Does this operation define a functor from the category of measurable spaces to itself. Is this functor (if
well defined) full? Is it faithful? Is it essentially surjective?

(b) Does the operation above admit any nontrivial fixed points (up to isomorphism)?
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