
Lec 1 basic combinatorics

1.1 permutations

Def 1.1 (permutations)

♣

၂۱ permutation ࣼ൞ؓ၂ቆ objects ֥၂۱ rearrangement (ᆃུ objects ᇏॖၛႵ same ္֥ॖၛ

Ⴕ distinct ֥).
ؓႿ n ۱ distinct objects, ၂܋թᄝ

n! = n(n− 1)(n− 2) · · ·

۱ permutations.

Example 1.1 ౰ ”STATISTICS” ֥ # distinct permutations.
Sol. ᆃ৚၂܋Ⴕ 10 ۱ objects. ֌໙ี൞: ఃᇏႵ 3 ۱ S, 3 ۱ T , 2 ۱ I ൞ཌྷ๝֥.
Ⴟ൞: ໡ૌ൮༵ࡌഡ෱ૌ׻൞ distinct ֥, ᄵթᄝ 10! ۱ permutations. ,ط ૄ۱ permutation ਔؓݣЇ׻ 3
۱ S ֥၂۱ሰ permutation. ؓط 3 ۱ S ֥಩ၩ permutation !൞ཌྷ๝֥׻ ๝ဢ֥֡৘ apply to 3 ۱ T ބ

2 ۱ I .
෮ၛᆃ۱ݔࢲ൞ᆇൌ֥ݔࢲ 3!3!2! П.
๝ဢֹ, ႮႿၹط, ᆞಒݔࢲ൞:

10!

3!3!2!1!1!

Remark ౰၂ቆ objects ֥ distinct permutations ֥ඔਈൈ, ؓႿఃᇏཌྷ๝֥ objects, ໡ૌᆺླေԢಀ෱ૌ

֥ᇗگඔਈ֥ factorial (ࠧ: ෱ૌሱ࠭ଽ҆Ⴕ؟ഒ۱ permutation ෘቔ၂۱׻ permutation).
:ൔ܄

n!

n1!n2! · · ·nk!

ఃᇏ n1, n2, · · · , nk ൞ૄ۱ object ֥ᇗگඔਈ.
ᆃ۱ൔሰႻࢡቓ multinomial coefficient.

Def 1.2 (multinomial coefficient)

♣

਷ n ∈ N, n1, n2, · · · , nk ∈ N, n1 + n2 + · · ·+ nk = n, ໡ૌקၬ multinomial coefficient:(
n

n1, n2, · · · , nk

)
=

n!

n1!n2! · · ·nk!

Proposition 1.1

♠

ೂݔ໡ૌླေ n1 ۱ object 1, n2 ۱ object 2, · · · , nk ۱ object k, ପહ෱ૌ֥ distinct permutations ֥

ඔਈູ: (
n1 + n2 + · · ·+ nk

n1, n2, · · · , nk

)



1.2 combinations

1.2 combinations

Def 1.3 (combinations)

♣၂۱ combination ࣼ൞Ֆ၂۱ set ᇏ࿊౼೏۱ۄ elements, .੻෱ૌ֥ඨ྽ޭط

Proposition 1.2

♠

Ֆ n ۱ distinct objects ᇏ࿊౼ k ۱֥ combinations ֥ඔਈູ:(
n

k

)
=

n!

k!(n− k)!

Proof ໡ૌॖၛࡼ໙ีሇູ߄: Ֆ n ۱ distinct objects ᇏ࿊౼ k ۱֥ permutations ֥ඔਈ, ಖުᄜԢಀ

ᇗ֥گ permutations. ,ط Ֆ n ۱ distinct objects ᇏ࿊౼ k ۱֥ permutations ֥ඔਈູ:

n× (n− 1)× · · · × (n− k + 1) =
n!

(n− k)!

,ఃᇏط ؓႿૄ۱ valid combination, ਔ෱֥෮ႵݣЇ׻ ordered permutations, ࠧᇗگਔ k! Ց. ၹՎ, ቋᇔ

:ູݔࢲ֥
n!

k!(n− k)!

1.2.1 binomial theorem

Theorem 1.1 (Binomial Theorem)

♥

਷ x, y ∈ R, n ∈ N, ᄵႵ:

(x+ y)n =

n∑
k=0

(
n

k

)
xn−kyk

Proof ໡ૌॖၛ prove this by combiinatorial interpretation. ၹູϜ x+ y ᅚषࠧ n ۱ (x+ y) ֥Ӱࠒ. ࠧ:
ؓႿૄ۱ФӰཛ, ໡ૌ׻൞ᄝ x ބ y ᆭࡗ࿊ᄴ၂۱.
ၹط: xkyn−k ֥༢ඔࣼ൞Ֆ n ۱ (x+ y) ᇏ࿊౼ k ۱ x ֥ combinations ֥ඔਈ, ࠧ

(
n
k

)
.

ॉ੮෮Ⴕ֥ possible k ᆴ, ໡ૌ֤֞:

(x+ y)n =
n∑

k=0

(
n

k

)
xn−kyk

ᆃ൞ combinatorial ֥ proof.
ਸ਼ຓ၂ᇕ۷੽ၕ֥නਫ਼൞ prove by induction. ᆃླေ၂۱ڣᇹ֥ proposition:

Proposition 1.3

♠

(
n

k

)
=

(
n− 1

k − 1

)
+

(
n− 1

k

)

ᆃ۱֩ൔ֥ combinatorial interpretation ޓ trivial: ؓႿఃᇏ֥಩ၩ၂۱ object:
ᆃ۱ object Ф࿊ᇏ֥౦ঃ, combinations ֥ඔਈ:

(
n−1
k−1

)
(Ֆః෰৚૫࿊ k − 1 ۱);

ᆃ۱ object ҂Ф࿊ᇏ֥౦ঃ, combinations ֥ඔਈ:
(
n−1
k

)
(Ֆః෰৚૫࿊ k ۱).
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1.2 combinations

problems

Example 1.2 ၂۱ 52-card deck, ౼ 5 ᅦෛࠏஇ, ໡ૌ֤ࠆ:
4 ᅦ๝ rank ֥இ, ቋު၂ᅦ҂๝ rank ֥இ

a full house (3 ᅦ๝ rank ֥இ, 2 ᅦ๝ rank ֥இ)
?ഒ؟൞ੱۀ֥
Sol. ၂܋Ⴕ

(
52
5

)
ᇕ౼م. ౼ 4 ᅦ๝ rank ֥இ: 13 ᇕ౼م. ౼ቋު၂ᅦ҂๝ rank ֥இ: 52-4 = 48 ᇕ౼م.

ၹط, :൞ੱۀ
13× 48(

52
5

)
ೂݔ൞౼ 3 ᅦ๝ rank ֥இ + ਆᅦ different ๝ rank ֥இ: ໡ૌ൮༵ᄝ 4 ೤৚૫࿊޽۱ 3 ۱, Ⴕ

(
4
3

)
ᇕ౼م.

ၹط࿊౼ 3 cards of the same rank ֥ඔਈູ: 13 ·
(
4
3

)
.

ಖު࿊౼ഺჅ֥ਆᅦ: ಖު࠯ܣᇗീ, Ֆഺ༯֥ 12 ۱ rank ৚૫࿊ 1 ۱, ೤Ⴕ޽࿊ᄴ෱ૌ֥ط
(
4
2

)
ᇕ౼م.

ၹط, :൞ੱۀ
13 ·

(
4
3

)
· 12 ·

(
4
2

)(
52
5

)
Example 1.3 ໡ૌႵ n ϜᄂӼ, ఃᇏႵ၂Ϝ൞ᆞಒ֥. Ӈ൫ k Ց, ?ഒ؟൞ੱۀष૊֥ۿӮܔି
Sol. ၂܋Ⴕ n! ᇕᄂӼ֥ permutations. ໡ૌླေ֥౦ঃ: ᆞಒ֥ᄂӼԛགྷᄝభ k ۱໊ᇂ:

ᆞಒᄂӼԛགྷᄝֻ 1 ۱໊ᇂ, ః෰ n− 1 ෛьஆਙ: ·(n− 1)! ᇕ

· · ·
ᆞಒᄂӼԛགྷᄝֻ k ۱໊ᇂ, ః෰ n− 1 ෛьஆਙ: k · (n− 1)! ᇕ

ၹطᆞಒ֥ permutations ֥ඔਈູ:
k · (n− 1)!

ၹط, :൞ੱۀ
k · (n− 1)!

n!
=

k

n

Remark ᆞಒᄂӼԛགྷᄝૄ۱໊ᇂഈ֥׻ੱۀ൞ 1/n. ၹط෱ԛགྷᄝభ k ۱໊ᇂ֥ࣼੱۀ൞ k/n.
ᆃ൞၂োׅ྘֥໙ี: ҂٢֥߭Ԏ౼. ᄝᆺܱྏ” ൞ڎᄝభ k ՑӮۿ” ᆃ၂൙ࡱൈ, ᆃ۱ݖӱ֩ࡎႿ” ᆞ

ಒᄂӼᄝ၂۱ෛࠏஆਙᇏ໊֥ᇂ”. ᆃ၂ݔࢲᆺބб২Ⴕܱ, აݖӱ༥ࢫ໭ܱ. ᆺေીႵྐ༏ bias, ીႵ

ொݺ, ປಆෛࠏ, ପહӮੱۀۿᆺ౼थႿ:
୆ᄍྸ֥Ӈ൫Ցඔ k

ሹॖିྟඔ n

.൞٢߭ᄵ൞҂๝֥౦ঃݔೂط ๙ݖҀ൙ࡱಸၞ֤:

P(A) = 1−
(
1− 1

n

)k

:҂ٝ߭ቋն֥౵љ൞ބ٢߭ ٢߭ൈ, ૄՑӇ൫׻൞׿৫֥, ,҂٢߭ൈط ૄՑӇ൫׻҂൞׿৫֥. ቋૼ

ཁ֥২ሰࣼ൞, ೂݔ҂٢߭, k = n ൈູੱۀ 1. ,٢߭ݔೂط ҂ં k Ⴕ؟ն, ཬႿ׻ੱۀ 1; ֒ k � n ֥

ൈީ, ᆃਆ۱ੱۀཌྷ࣍ ,ᆰतކژ) ၹູ n (.҂٢߭ࠫެી౵љބնൈ٢߭ޓ
Example 1.4 ၂۱থሰ৚Ⴕ 10 ۱ red balls ބ 5 ۱ blue balls. ໡ૌෛࠏՖᇏ౼ԛ 3 ۱ balls, exactly ఃᇏ 1

۱൞ blue ball ?ഒ؟൞ੱۀ֥ ೂૄݔՑ٢߭׻଻?
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1.3 combinations with repetition

Sol. ҂٢߭:
P(exactly one blue ball) =

(
10

2

)(
5

1

)/(15
3

)
=

45

91

٢߭: 5 ways to choose the blue ball, 10 ways to choose the red ball, ၛࠣ 3 positions to place the blue ball,

P(exactly one blue ball) = 3 · 3 · 10
2

153

1.3 combinations with repetition

Def 1.4 (combinations with repetition)

♣

၂۱ combination with repetition ࣼ൞Ֆ၂۱ set ᇏ࿊౼೏۱ۄ elements, ,੻෱ૌ֥ඨ྽ޭط ѩ౏

ᄍྸᇗگ࿊౼.

Proposition 1.4

♠

Ֆ n ۱ distinct objects ᇏ࿊౼ k ۱֥ combinations with repetition ֥ඔਈູ:(
n+ k − 1

k

)

Remark ܱႿᆃ۱໙ี໡ૌቋष൓ॖି߶ٕ၂۱հ༂: ಪູ combinations with k repetitions ֥ඔਈູ:(
kn

k

)
֌൞མ၂༯ࣼᆩ֡ᆃ൞հ֥. ၹູ໡ૌཌྷ֒Ⴟ۳ repeated ֥๝၂۱ objects ,Ⴭਔඨ྽ڮ Ֆ࠹طೆਔحຓ

֥ඔਈ.
Proof ᆃ۱໙ีбెࢠ૳. ໡ૌഈ૫հ༂֥Ӈ൫ၘࣜіૼ: Ⴈ ”make copies” .҂๙ྛم֥ٚ ໡ૌླေэ

.၂༯නਫ਼ߐ ჰ໙ี൞ ” ေ࿊ଧࠫ۱ჭ෍, ૄ۱ჭ෍ေ࿊ࠫ۱”. :ູࢳ໡ૌॖၛϜᆃ۱໙ี৘ط ၂܋Ⴕ

k ۱໊ᇂ, n ۱ቆ, ໡ૌ۳ૄ۱ቆٳ஥؟ഒ۱໊ᇂ?
Formalize ᆃ۱མࠧم: ؓႿֻ i ۱ object, ໡ૌ۳෱ٳ஥ xi ۱໊ᇂ. ෮Ⴕડቀ่֥ࡱ combinations ॖၛ

represent by:
{y = (x1, x2, · · · , xn) ∈ Zn

≥0 : x1 + x2 + · · ·+ xn = k}

֞ᆃ৚໡ૌམ֞၂۱ׅ֥ࣜ໙ี: stars and bars. ࠧ: Ϝ k Ӯٳ۱ྒྒ n ۱ቆ, ૄ۱ቆᇀഒႵ 1 ۱ྒྒ. ᆃ

۱໙ี֩ࡎႿ: Ϝ k ބ۱ྒྒ n− 1 ,ϰஆӮ၂ஆۯ۱ ಖު࿊ᄴ n− 1 .ϰ໊֥ᇂۯ۱
໙ี൞: ໡ૌᆃ৚, ၂۱ቆॖၛႵ 0 ۱ stars; ֌൞ᆃ൞ཬ໙ี. ၹູ໡ૌॖၛ set x′i = xi + 1, ໙ี֩ࡎሇ

:ູ߄
{y = (x′1, x

′
2, · · · , x′n) ∈ Zn

≥1 : x
′
1 + x′2 + · · ·+ x′n = k + n}

ᆃ఼ࣼᇅૄ۱ቆᇀഒႵ၂۱ star, Ⴟ൞ॖၛ൐Ⴈ stars and bars .थࢳটم֥ٚ ࠧ: Ⴈ n − 1 षۯϰۯ۱

k + n ۱ྒྒ (Ⴕ k + n− 1 ۱ॢ֖). ၹط, ડቀ่֥ࡱ combinations ֥ඔਈູ:(
k + n− 1

n− 1

)
=

(
k + n− 1

k

)
Example 1.5 Ⴕ 5 ᇕ१໅֥ ice creams. ၂۱ದෛࠏ࿊ᄴ 20 ۱ scoops. ౰: ૄᇕ१໅ᇀഒФ࿊ᇏ၂Ց֥

probability.
Sol. ࠧՖ 5 ᇕ१໅ᇏ࿊౼ 20 ۱ combinations with repetition. Ⴟ൞ sample space ֥նཬ:

(
25−1
20

)
.
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1.4 inclusion-exclusion principle

֥ࡱડቀ่ط combinations: ࠧૄᇕ१໅໡ૌ׻ყ࿊၂۱. ಖުᄜՖ 5 ᇕ१໅ᇏ࿊౼ 15 ۱ combinations
with repetition.

P(each flavor is selected at least once) =
(
19
15

)(
24
20

) =

(
24
20

)(
24
20

)
1.4 inclusion-exclusion principle

Proposition 1.5 (inclusion-exclusion principle)

♠

ೂݔ Ω ൞၂۱ finite measure space, ପહؓႿ಩ၩ A1, . . . , An ⊆ Ω ֥, Ⴕ:

|∪n
i=1Ai| =

n∑
i=1

|Ai| −
∑
i<j

|Ai ∩Aj |+
∑

i<j<k

|Ai ∩Aj ∩Ak| − . . .+ (−1)n+1 |A1 ∩ . . . ∩An| .

Remark ᆃ৚֥
∑

i<j ֩ index ၩනࣼ൞ॉ੮෮Ⴕॖି֥ combinations, ҂ॉ੮ඨ྽, ༯ѓ֥ඨ྽ીႵބ

ܱ༢. бೂ၂܋Ⴕ೘۱ࠢކ A1, A2, A3, ପહ
∑

i<j |Ai ∩Aj | ࣼ൞ A1 ∩A2, A1 ∩A3, A2 ∩A3 ֥ѩࠢ.
ᆃ۱ק৘൞ countable additivity ֥ᆰࢤ๷ܼ.

problems

Example 1.6 (Divisibility) ਷ n ∈ N, ໡ૌෛࠏ౼၂۱ x ∈ {1, 2, · · · , n}, ౰ x is divisible by 2 or 3 or 5 ֥

.ੱۀ
Sol. ਷ A2, A3, A5 ູ x ൞ 2, 3, 5 ֥Пඔ֥ events. ࠧ:

Ai = {k ∈ {1, 2, · · · , n} | k is divisible by i}

Ⴟ൞໡ૌေ࠹ෘ֥൞:

P(A2 ∪A3 ∪A5) = P(A2) + P(A3) + P(A5)− P(A2 ∩A3)− P(A2 ∩A5)− P(A3 ∩A5) + P(A2 ∩A3 ∩A5)

=
bn2 c+ bn3 c+ bn5 c − bn6 c − b n

10c − b n
15c+ b n

30c
n

Example 1.7 (matching problem) ഡႵࡌ n ۱ದҕࡆ၂۱ event, ૄ۱ದ׻ഈࢌਔ၂פશሰ; གྷᄝᄜϜશሰ

ෛ۳ૄ۱ؿֹࠏದ, ౰ીႵದଦ߭ሱ֥࠭શሰ֥ੱۀ.
Sol. ਷ Ai ֻູ i ۱ದଦ߭ሱ֥࠭શሰ֥൙ࡱ. ᄵ໡ૌေ౰֥ੱۀ൞: P(

⋂n
i=1A

c
i ).

P(
n⋂

i=1

Ac
i ) = P((

n⋃
i=1

Ai)
c)

= 1− P(
n⋃

i=1

Ai)

= 1−
|
⋃n

i=1Ai|
n!
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1.4 inclusion-exclusion principle

ႮႿ:

|
n⋃

i=1

Ai| =
n∑

i=1

|Ai| −
∑
i<j

|Ai ∩Aj |+
∑

i<j<k

|Ai ∩Aj ∩Ak| − . . .+ (−1)n+1 |A1 ∩ . . . ∩An|

=

(
n

1

)
(n− 1)!−

(
n

2

)
(n− 2)! +

(
n

3

)
(n− 3)!− · · ·+ (−1)n+1

= n!

n∑
k=1

(−1)k−1 1

k!

໡ૌॖၛ֤֞:

P(
n⋂

i=1

Ac
i ) =

n∑
k=2

(−1)k

k!

Remark ֒ k → ∞ ֥ൈީ, ᆃ۱ݔࢲ౴ཟႿ e−1 ≈ 0.367879. (By Taylor’s expansion of ex.)
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