Lec 1 basic combinatorics

1.1 permutations

Def 1.1 (permutations)

U O permutation L1110 objects, [1[01] rearrangement ([1[] objects 1] L1 same, I
[ distinct, ).
100 n [ distinct objects, [1[1[1[]

nl=nn—-1)Mn-2)---

U] permutations.

Example 1.1 [0 ”STATISTICS”,  # distinct permutations.

Sol. OOOODO 10 O objects. OO OO0 30O 5,307,201 000,

OO OO0O0O0dOoOOdon distinet, , 10 10! O permutations. [, L1 permutation ) ninink
0 S, OO0 permutation. (1013 (1.5, [0 permutation IO, ! OO, ° O apply to3 07 O
20 1.

ooooooodgodn,  si3i2ir.

OO , 0000, ooodd:
10!

313121111!
Remark OO objects,  distinct permutations, IO, O OOOO,  objects, OO OOH
OO0, factorial ((O: OO0 OOOO permutation K1 permutation).

O:
n!

nl!ngl---nk!
O ny,ne, - -+ ,n, OO object, CIOICIO.
OO0 OO0 000 multinomial coefficient.

Def 1.2 (multinomial coefficient)

OneN,ny,ng, - ,np € Nng +ng+ -+ ni = n, JU P 0 multinomial coefficient:

( n ) B n!
ny,na, - , Nk nl'ng'nk‘

Proposition 1.1

OOOOOO ny O object 1, ng L object 2, - - -, ng [1 object k, LIL1CI0],  distinct permutations

ood:
ny+ng+---+ng
ny, N2, -+, Nk




1.2 combinations

1.2 combinations

Def 1.3 (combinations)

L1000 combination LI LI set L1111 LI elements, 1O 10100, I, Y
Proposition 1.2
1 n [ distinct objects [1[1[] k£ [, combinations, [J[1I:
(n) B n!
k) Kl(n—k)
(n—F) .

Proof OOOOOOOOOO: O n O distinet objects L1L1L] k [, permutations, [0, OO0
LI, permutations. [, [ n [ distinct objects (111 k£ [1, permutations, [1[10:
n!
(n—k)!
OO0, OOOO valid combination, 1 OO [0, O ordered permutations, 1 k! . OO, OO
NI

nxn—1)x---x(n—k+1)=

1.2.1 binomial theorem

Theorem 1.1 (Binomial Theorem)

Ox,yeR,neN, :

Proof IO prove this by combiinatorial interpretation. (1OF x +y OO0 n O (x +y), YO. O:
O000eYO, 00000 Oy OOoOodoo.
O0: 2~y %, O00000n 0O (z+y) OO0k Oz, combinations, OO, O (}).
OO0, possible & O, IO, ©
n n n—
oy =3 (1)
1] combinatorial,  proof.

OOOOOnOnO, Odd prove by induction. L1 OO OO, proposition:

n\ (n—1 i n—1
k)] \k-1 k
OO [0, combinatorial interpretation [ trivial: 10, OO object:

o [ object @11 [I[], combinations, [1[1: (Zj) (OJOOoono k-1 0y
o [0 object #P [, [, combinations, [1: (”;1) (OOOOdod ko).

Proposition 1.3




1.2 combinations

problems

Example 1.2 [ 52-card deck, (1 5 110101, O],
o 400 rank, O, OO0OO%0Orank, O
o afull house (3 LD rank, [J,2 O rank, [1)
ooOodm?
Sol. I (552) O0O0. 04 00rank, O: 13 000. OOOOO%O rank, [: 52-4 =48 OO0,

o0, Ood:
13 x 48

52
(5)

OOO0O 3 O rank, [ + LI different [ rank D:DDDDD4DDDDDD3D,D(§)DDD.
L1000 3 cards of the same rank, [I1C10C]: 13- (g)

oooon, ot gooooo, 0on,  120rank OO 10, OO0, I:II:II:I(;)I:II:ID.
o0, Ood:

Example 1.3 000 FOX, DOOOFOOO .HOAO,00YOOO OOO0OO?2
Sol. OO n! X permutations. CIOIOO, OO: OO, OXqqUOOO & CICIE:
o OOXqUOO 1000,00nrn-1000: - (n—1)1O
o ---
o OOOXqqUIO, rO0O0,O0n—-10b00:k-(n—1)!O
U000,  permutations, [ICILI:
k-(n—1)
o, Oood:
E-(n—1)! k&
n! n
OOoOXqUOOooOooo, Ooodd i/~ 000qbdo rO0od, ododo k/n.
0000 0O 0O0:#00 TO 00000000 sr0oyorooodo,oody 007 -
OOXxOOOOoOOdd, OOr. Ooooodednn, Oy OOdd. 000000 bias, 0
OO, 0000, 0oyoooooad:
o IO, yHOOMO k
o LI n
OO0O00O0000%<0 0O0.00qgOodoo,

1 k
P(A) =1 (1~
(4) ( n)
DDD%DDDDJ Ol OO0, g oooid, ,D#DDD,DDUDD#DDD, N

O, OO0O0,00%#00,k=n0000 1. O000O0O,¥#0 k000, 00000 1; " k<n,
OO, oo @oodg, o0 - dooooo#+E:.0uododns.)

Example 1.4 OO 000 10 O red balls 01 5 O blue balls. IO OO 3 U balls, exactly 10 1
OO blue ball, OOOOO? OOOOOOOO?



1.3 combinations with repetition

10\ /5 15 45
[P(exactly one blue ball) = ( 5 ) (1) /( 5 ) =51

LI0: 5 ways to choose the blue ball, 10 ways to choose the red ball, [1[] 3 positions to place the blue ball,
3-102
153

Sol. F[O[:

[P(exactly one blue ball) = 3

1.3 combinations with repetition

Def 1.4 (combinations with repetition)

U combination with repetition LI set L1110 elements, IOICICIE], OO, mad
OOOoodd. Y

Proposition 1.4

[ n [ distinct objects (111 k£ [1  combinations with repetition, [1[1[]:
(n—i—k—l)
" o
Remark OOO0O0O00000O0O0O0OO0OO000OOOO: OO combinations with k repetitions ;| 101 [:
(%)
k
0000000 OO0 00000 OOrepeated, OO objects OO OO, DOOOOOO
.
Proof OOOO60O00. OOOOO0O YOOO 0. O ”make copies”, OOOFO. OOO0O>2
OOoo0od. ooog»r oogoood, 0ooooodor. doonoorgooodoo: Oodo
EOOO,» OO, 00000000 OO4ad?
Formalize 1110100 OO, ¢ O object, OO z; OO, OOOOOMO,  combinations [0

represent by:

ly=(z1,20,- - ,2n) €Ly w1 + 22+ + 25 =k}

OO0000 OO0 |, OO:starsandbars. [ FEOOOOY » OO, 0000001 000. O
oo O0: FrOOOOrn—-100x0Y00, 00007 -1 00 O0O.
I]DI]:DDDD,DDDDDDODstars;DDDDDDD.DDDDDDsetx;:xiJrl,DIZT I
I

{y= (21,25, 2p,) € 2% s 2y +ah + - +af, =k +n}

OO0000O000OOdd star, OO OO stars and bars, OO0, O O n — 1 OO0
E+nUOO00 M k+n—100 ). OO, OO, combinations, ICIC:
<k+n—1>_<k+n—1>
n—1 k
Example 1.5 [0 5 OO0, ice creams. IO 20 O scoops. [: OO OO0 OO,

probability.
Sol. U 5 OO OMN 20 L combinations with repetition. [I1[] sample space, [I[1: (25261).



1.4 inclusion-exclusion principle

OO0O0O0,  combinations: OO0 O OOO0OO0OO. OO0 5 OO OOME 15 [ combinations

with repetition.

[P(each flavor is selected at least once) = —52- = -5

1.4 inclusion-exclusion principle

Proposition 1.5 (inclusion-exclusion principle)

OO Q OO0 finite measure space, 11O Ay, ..., A, € Q, , T

UPAil =D 1A =D 1A Al + D AN A N A — .+ (D)™ A NN Ay
i=1 i<j i<j<k o

Remark 101, Zan index OOOOO0OOO0OOOO,  ecombinations, ZO OO, OO, OO0
. GDDDDDDDDAl,AQ,Ag,DDZ |AiﬂAj|DDAlﬂAQ,AlﬁAg,AgﬂAgl .
L0 0L countable additivity, 1L,

1<j

problems

Example 1.6 (Divisibility) O » € N, OOOOO0O0OO0 z € {1,2,--- ,n}, O zis divisibleby 2or 3 or 5,
.
Sol. [0 Ay, A3, As O 2 [02,3,5, IO events. [1:
A ={ke€{1,2,--- ,n} | kis divisible by i}
OoOoooodd, .
P(AQ U Az U A5) = ]P)(AQ) + ]P(A3) + ]P)(Ag,) — ]P)(Ag N Ag) — IP(AQ N A5) — P(Ag N A5) + P(AQ NAszN A5)
BB IR - 18- ) L)+ )
n
Example 1.7 (matching problem) L1 »n OO0 event, OO DO OO OSSO0 OOOFROO
OO0 OoUoo,ooouoood, odg oo,
Sol. 040, 0O00O0O0O0O, OO 0O0.00000 OO0 PN, 49).

P(() 45) = P((|J 409
=1 =1
=1- P(O A;)
i=1
_ UL A



1.4 inclusion-exclusion principle

A (=D)AL N L N A,

1
|UAi‘:Z|Ai|—Z|AiﬂAj|+ Z |AiﬁAjﬂAk‘—..
i=1 i=1 i<j i<j<k
n n n
= — 1) = —2)! —3) =4 (=)
(1) e=t=(5) 0020+ (5) o0 - 3= (-1
- 1
_ k—1
=nl) (D"
k=1
oooO, -
- c . (_1)k
PV A =D
i=1 =2 )

k—oo, OO,0000000 e ! ~0.367879. (By Taylor’s expansion of e*.)
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