
Lec 2 Probability space intro

2.1 probability space

໡ૌᆃ৚๋ݖ෮Ⴕ measure theory ֥ଽಸ, ࡮ notes on measure theory.

Def 2.1 (prob space, prob measure, sample space, event space)

♣

၂۱ probability space ࣼ൞၂۱ measure space (Ω,F ,P), ఃᇏ P(∅) = 0,P(Ω) = 1.
ؓႿᆃဢ֥ measure P, ໡ૌӫᆭູ probability measure ,؇ҩੱۀ) .(ੱۀࠧ
ᆃ৚֥ط Ω ໡ૌӫᆭູ sample space (ဢЧॢࡗ); ᆃ৚֥ σ-algebra F , ໡ૌӫᆭູ event space (൙
.(ࡗॢࡱ
಩ၩ֥ A ⊂ Ω ൞၂۱׻ event, ֌൞ંੱۀᇏᆺॉ੮ A ∈ F , ࠧ measurable event. ,߄ࡥູ event ᆃ

۱ֆՍࣼᆷ measurable event.

Remark ၂༯ܤ߭ measure space :ၬק֥
၂۱ set Ω ֥၂۱ σ-algebra ࣼ൞၂۱Ї֥ࠢॢݣሰࠢ՛, ః closed under countable unions and
complements. (ೂݔᆺ closed under finite unions, ᄵᆺӫູ၂۱ algebra.)
၂۱ Borel algebra ൞၂۱קၬᄝ topological space ഈ֥ σ-algebra, Ⴎ all open sets ളӮ. (ၹط: closed
under countable unions and complements.) R ֥ Borel algebra ॖၛႮ all open intervals ളӮ.
၂۱ measure on a measurable space (Ω,F) ࣼ൞၂۱Ֆ F → R ,ඔݦ֥ ડቀ countable additivity.
measure֥ྟᇉ: (1)non-negativity, (2) monotonicity, (3) countable subadditivity, (4) inclusion-exclusion
principle (ഈࢃၘࢫ), (5) continuity from below and above. ֻ (5) ่ऎุࠧ: For measurable sets
A1 ⊆ A2 ⊆ · · · ⊆ An ⊆ · · · , then limn→∞ P(An) = P(

⋃∞
n=1An).

For measurable sets A1 ⊇ A2 ⊇ · · · ⊇ An ⊇ · · · , then limn→∞ P(An) = P(
⋂∞

n=1An).
Remark ؓႿ discrete ֥ prob space ,࿽ط ๙ӈ࿊౼ F = 2Ω, ࠧ Ω ֥಩ၩሰࠢ׻൞၂۱ event.
Remark :གྷൌၩၬ൞֥ࡗॢੱۀ ၂Ց experiment ֥෮Ⴕॖି֥ކ֥ࠢݔࢲ, ၛࠣૄ۱ੱۀ֥ݔࢲ.

Ω = {ω | ω ൞၂Ց experiment {ݔࢲ֥ିॖ֥

P(ω) = ݔࢲ ω ֥ॖିྟ

Example 2.1 (dice roll) ೂݔ໡ૌᆿ၂۱ 6 ૫֥ᷓሰ, ପહဢЧॢࡗ Ω = {1, 2, 3, 4, 5, 6}. ၂۱ॖି֥൙ࡱ

൞ A = {1, 2}. ೂࡌݔഡᷓሰ൞܄௜֥ (෮Ⴕ׻ݔࢲ൞֩ॖି֥), ପહ൙ࡱ A ൞ੱۀ֥

P(A) =
Number of favorable outcomes

Total number of outcomes
=

|A|
|Ω|

=
2

6

۴ऌ໡ૌ measure-based ,ၬק֥ ᆃ၂ݔࢲሱಖ follows from countable additivity of P.
Example 2.2 ೘۱ದ׿৫ֹᆿ၂۱ 6 ૫֥ᷓሰ, ౰ֻ೘۱ದᆿԛ֥ׄඔ֩Ⴟభਆ۱ದ֥ׄඔᆭੱۀ֥ބ.
Sol. ဢЧॢࡗ Ω = {1, 2, 3, 4, 5, 6}3. event: E = {ω ∈ Ω | ω3 = ω1 + ω2}.
ᆃ۱ event Ⴕ 15 ۱ elements:

E = {(1, 1, 2), (1, 2, 3), (1, 3, 4), · · · , (2, 1, 3), (2, 2, 4), · · · , (3, 1, 4), · · · , (4, 1, 5), · · · , (5, 1, 6)}



2.2 conditional probability

ၹՎ, :൞ੱۀ
P(A) =

|A|
|Ω|

=
15

216
=

5

72

Example 2.3 ਆ۱ದ߃࠹ᄝ 12:00 ֞ 1:00 ᆭࡗஷ૫. ෰ૌ۲ሱ׻߶ᄝ௹֥ࡗଖ۱ൈ֞ׄࡗղ. ౰: ෰ૌд

Վ҂߶֩րؓٚӑݖ 10 .ੱۀᇒ֥ٳ

Sol. Sample space
Ω = {(x, y) : 0 ≤ x ≤ 60, 0 ≤ y ≤ 60} = [0, 60]× [0, 60]

໡ૌေ౰֥ੱۀ൙ࡱ

E = {(x, y) ∈ Ω : |x− y| ≤ 10}

ಸၞ߂ԛ๭ཞ:

x

y

0 60

60
|x− y| ≤ 10

ၹੱۀط൞

P(E) =
m(E)

m(Ω)
=

3600− 2500

3600
=

11

36

2.2 conditional probability

Def 2.2 (conditional probability)

♣

ؓႿ probability space (Ω,F ,P), ၂۱ק۳ event B ∈ F , ೂݔ P(B) > 0, ໡ૌקၬ conditional
probability of an event A ∈ F given B ູ:

P(A | B) =
P(A ∩B)

P(B)

Proposition 2.1 (decomposing probability of intersection of events)

♠

਷ (Ai)i∈N ູ၂۱ seq of events, ؓႿ಩ၩ n ∈ N:

P (A1 ∩A2 ∩ . . . ∩An) = P (A1) · P (A2 | A1) · P (A3 | A1 ∩A2) . . . · P (An | A1 ∩ . . . ∩An−1)

Proof Naturally follows from the def.
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2.2 conditional probability

2.2.1 Law of total probability and Bayes’ Theorem

Theorem 2.1 (law of total probability)

♥

਷ (Ai)i∈N ູ၂۱ seq of pairwise disjoint events, ೂݔ t∞
i=1Ai = Ω, ପહؓႿ಩ၩ event E ⊆ Ω:

P(E) =
∞∑
i=1

P (Ai)P (E | Ai)

Proof

P(E) = P (E ∩ ∪∞
i=1Ai) = P (∪∞

i=1E ∩Ai) =
∞∑
i=1

P (E ∩Ai) =
∞∑
i=1

P (Ai)P (E | Ai)

Remark P (Ai)P (E | Ai) ࣼ֩Ⴟ P (E ∩Ai), ္ࣼ൞ᄝ Ai ᆃ۱౵თഈ, E ֥ measure. ၹط disjoint union
ᆭ༯ࣼ൞ E ֥ປᆜ measure.

Theorem 2.2 (Bayes theorem)

♥

If A,B ⊆ Ω such that P(B) 6= 0, then

P(A | B) =
P(A) · P(B | A)

P(B)

Remark ᆃఃൌ൞၂۱٤ӈᆰݔࢲ֥ࢤ, ၹູ P (A)Ṗ (B | A) = P (A ∩B).
֌൞෱֥ၩၬᄝႿ, ೂݔ໡ૌᆩ֡ਆ۱൙ބੱۀ֥ࡱఃᇏ၂۱ؓਸ਼၂۱่֥ੱۀࡱ, ໡ૌ္֤ࣼ֞ਔّ

.ੱۀࡱট่֥ݖ
Example 2.4 (Medical testing)
ᄝ၂۱ಕุᇏ, ෛࠏ࿊౼၂۱ದߑႵଖᇕࠥ࡮ݨѨ֥ੱۀ൞ 0.001. ,ѨႵ၂۱ᆐ؎ҩ൫ࠥھ ఃྟᇉೂ

༯: ,Ѩߑ۱ุק۳ ҩ൫ӯဝྟ֥ੱۀ (ᆇᆞဝྟੱ) ൞ 0.99. ,ूࡲ۱ุק۳ ҩ൫ӯဝྟ֥ੱۀ ဝྟࡌ)

ੱ) ൞ 0.02. Ֆಕุᇏෛࠏ࿊౼֥၂۱ದҩ൫ӯဝྟ. ?ഒ؟൞ੱۀѨ֥ࠥھႵߑഈ࠽۱ุൌھ Ⴟ൞

Sol. Ⴎ law of total probability, ໡ૌႵ

P(positive) = P(positive | sick)P(sick)+P(positive | healthy)P(healthy) = 0.99·0.001+0.02·0.999 = 0.02097

Ⴟ൞

P(sick | positive) = 0.99 · 0.001
0.02097

≈ 0.047

Example 2.5 (Monty Hall problem)
,ଢࢫ၂۱Ⴓ༤ࡆഡ୆ҕࡌ ૫భႵ೘ഁ૊: ၂ഁ૊ު૫Ⴕ၂ਇӚ; ః෰ਆഁ૊ު૫൞೶ရ. ୆࿊ᄴਔ၂ഁ

૊, бೂඪ൞ 1 ,૊ݼ ಖުᇶӻದյषਔਸ਼၂ഁ૊, бೂඪ൞ 3 ,૊ݼ ৚૫Ⴕ၂ᆺ೶ရ. ಖު෰ඪ ” ୆མ

Ӯߐ 2 .”?૊ગݼ ?૊ؓ୆Ⴕ০ગߐ
Sol. ਷ Ai іൕ: car ᄝ i ;૊ު૫ݼ B ൙ࡱіൕ: ᇶӻದյष 3 .૊ݼ ໡ૌေ౰֥ੱۀ൞ᄝ൙ࡱ B ളؿ

֥౦ঃ༯, A2 ,ੱۀ۱֥ ࠧ P(A2 | B). ෱֥նཬ൞:

P(A2 | B) =
P(A2) · P(B | A2)

P(B)

=
P(B | A2)P(A2)

P(B | A1)P(A1) + P(B | A2)P(A2) + P(B | A3)P(A3)

=
1 · 1

3
1
2 · 1

3 + 1 · 1
3 + 0 · 1

3

=
2

3
>

1

3

3



2.2 conditional probability

ၹط, .૊൞Ⴕ০֥ߐ
Remark ᆃ൞၂۱٤ӈّᆰत֥২ሰ. ໡ૌᆰतड़ק߶त֤: ၂܋ 1 ਇӚބ 2 ۱೶ရ, ᇶӻದϺફஆԢ

,ਔ၂۱೶ရו ପહഺ༯ট֥ਆ۱৚૫໡ૌؽ࿊၂, ड़ק൞ 1/2 ,ੱۀ ᆃ۱ط ” ”ڎაߐ۷ ࣼ൞ؽ࿊၂֥

ठᄴ. ֌ఃൌ҂൞ᆃဢ֥.
ᄝֻ၂Ց࿊ᄴؽֻބՑ࿊ᄴᆭࡗ, ᇶӻದջটਔحຓ֥ྐ༏.

҂ߐ૊: win iff ᄝ၂ष൓ࣼ࿊ᄴؓਔӚ, ᆃ۱ੱۀ൞ 1/3.
:૊ߐ win iff ᄝ၂ष൓࿊ᄴ֥൞೶ရ, ᆃ۱ੱۀ൞ 2/3.

Ֆ่֥ੱۀࡱ൪࢘টु:
ೂݔӚᄝ 2 :૊ݼ ᇶӻದᄝᆃ۱ࢫߌ৚ᆺି࿊ᄴ 3 .૊ݼ
ೂݔӚᄝ 1 :૊ݼ ᇶӻದᄝᆃ۱ࢫߌ৚ॖၛෛࠏᄝ 2 ބݼ 3 .૊৚૫࿊ᄴ၂ഁ૊ݼ

္ࣼ൞ඪ, ᇶӻದյष 3 ,ቔ׮૊֥ᆃ۱ݼ Ϝ 3 Ⴕ֥ݣ૊ჰЧݼ ” ᇏࢂమ৯” ಆ҆ሇ၍۳ਔ 2 .૊ݼ ᆃޓ

ّᆰत. ֌൞ॖၛႨ၂؍ python ӱ྽ဒᆣ:

1 import random

2

3 def monty_hall_sim(trials=10000):

4 stay_wins = 0

5 switch_wins = 0

6

7 for _ in range(trials):

8 # 1. Ԛ൓߄૊: 0սіရ, 1սіӚ

9 doors = [0, 0, 0]

10 car_position = random.randint(0, 2)

11 doors[car_position] = 1

12

13 # 2. ທࡅቋԚ֥࿊ᄴ

14 player_choice = random.randint(0, 2)

15

16 # 3. ᇶӻದյष၂ഁႵ೶ရ֥૊

17 # ᇶӻದ҂ିषທࡅ࿊֥૊đ္҂ିषႵӚ֥૊

18 possible_host_doors = [

19 i for i in range(3)

20 if i != player_choice and doors[i] == 0

21 ]

22 host_opens = random.choice(possible_host_doors)

23

24 # 4. ೂࡔ"ݔӻ҂ߐ"႓ਔ

25 if doors[player_choice] == 1:

26 stay_wins += 1

27

28 # 5. ೂߐ"ݔ૊"႓ਔ

29 # ҂൞ჰ࿊đ္҂൞ᇶӻದष֥ପഁ࠻૊ު֥࿊ᄴ൞ğߐ

30 remaining_door = [

31 i for i in range(3)

4



2.2 conditional probability

32 if i != player_choice and i != host_opens

33 ][0]

34

35 if doors[remaining_door] == 1:

36 switch_wins += 1

37

38 print(f"ሹൌဒՑඔ: {trials}")

39 print(f"ࡔӻ҂ߐᇏࢂՑඔ: {stay_wins} :ੱۀ) {stay_wins/trials:.2%})")

40 print(f"ߐ૊ުᇏࢂՑඔ: {switch_wins} :ੱۀ) {switch_wins/trials:.2%})")

41

42 if __name__ == "__main__":

43 monty_hall_sim()

Listing 2.1: Monty Hall problem simulation

ᄎྛݔࢲ:

ሹൌဒՑඔ: 10000

:Ցඔࢂᇏߐӻ҂ࡔ 3312 :ੱۀ) 33.12%)

:Ցඔࢂ૊ުᇏߐ 6688 :ੱۀ) 66.88%)

Listing 2.2: Monty Hall problem simulation result

Example 2.6 (Wizards)
ਆ۱໦ഽ A ބ B ,׶थྛࣉ ෰ૌ੽ੀഝٚؓࠌ. ໦ഽ A ૄՑഝଁࠌᇏ B ൞ੱۀ֥ P(A) = 1

2 , ໦ഽط B

ૄՑഝଁࠌᇏ A ൞ੱۀ֥ P(B) = 2
3 . ໦ഽ A ༵षశ. ౰: ໦ഽ A ?ഒ؟൞ੱۀ഻֥ࠆ

Sol. ಩ၩ၂੽ഝࠌ ,ඏࢲഡభ၂੽ીႵࡌ) Ⴟ൞Ⴓ༤߭֞Ԛ൓ሑ෿. ၹط಩ၩ၂੽׻൞׿৫֥) ᇏ, ਷

WA ູ൙ࡱ: A ;഻ࠆ WB ູ൙ࡱ: B ,഻ࠆ .ࠌഡ෰ૌՖ۲ሱष൓ഝࡌ ۴ऌಆ܄ੱۀൔ, ໡ૌႵ

P (WA) = P(hit)P (WA | hit) + P(miss)P (WA | miss) =
1

2
+

1

2
P (W c

B)

P (WB) = P(hit)P (WB | hit) + P(miss)P (WB | miss) =
2

3
+

1

3
P (W c

A)

Solving the system, we find P (WA) = 0.6.
Remark ᆃ۱২ሰіૼਔ༵൭Ⴊ൝Ⴕ؟ն. ཌྷбഈ၂۱২ሰ, ᆃ൞ޓᆰܴ֥.
ਸ਼ຓ, ᆃ۱২ሰႵ౿֥൞, ໡ૌϜ໭ཋ֥߭ކሇູ߄ਔ၂۱࿖ܒࢲߌ, ০ႨႳ༤ሑ෿֥ሱཌྷර, ᆺླေॉ

੮಩ၩ၂੽ࠧॖ.

2.2.2 Kolmogorov definition of conditional probability

໡ૌ๙ݖ P(A | B) = P(A∩B)
P(B) ၬԛট֥ק conditional probability Ⴕ၂۱ཋᇅ, ࣼ൞ enforce P(B) > 0.

֌൞, ଴֡ P(B) = 0 ࣼ҂ିקၬ่ੱۀࡱਔગ? ໡ૌॉ੮၂۱৵࿃౦ঃ: ᄝ R3 ᇏ಩ၩ࿊ᄴ၂۱ׄ, ౰:
.ੱۀႿֆ໊౯૫ഈ໊֥ׄھ ཁಖ, ᆃ۱ੱۀ൞ 0. ֌൞, ೂݔ໡ૌᆩ໊֡ׄھႿֆ໊౯ଽ, ପહׄھए

৖ჰ֥ׄए৖ູ 1 ႋູ֒ੱۀ֥ 1. ္ࣼ൞ඪ, ࠧ൐ᄝ P(B) = 0 ֥౦ঃ༯, ໡ૌ္༐ຬקၬ P(A | B).
ᄝॉ੮ᆃ۱קၬᆭభ, ൮༵໡ૌؿགྷ: ၬ֥קႿ໡ૌ༵భࠎ conditional probability, ໡ૌॖၛ֤ࠆ၂۱

ྍ֥ probability space:
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2.3 independence

Def 2.3 (conditional probability space and trace σ-algebra)

♣

ؓႿ۳֥ק prob space (Ω,F ,P), ၂۱ק۳ event B ∈ F ౏ P(B) > 0, ໡ૌקၬ conditional proba-
bility space as the triplet (B,FB,P(· | B)), ఃᇏ:

FB := {A ∩B | A ∈ F}

Фӫູ trace σ-algebra on B.
ಸၞဒᆣ, ᆃ۱ triplet ൞၂۱ prob space.

Remark ֒໡ૌϜᆜ۱ prob space ཋᇅᄝ event B ഈൈ, Чᇉഈ൞ᄝቓ၂۱ Radon-Nikodym derivative ֥

Ҡቔ.
ၬק f := IB

P(B) , ପહؓႿ಩ၩ event A ∈ FB, Ⴕ:

P(A | B) =

∫
A
f dP

ၹބط໡ૌ֥ᆰत၂ဢ, ၂۱ݖ൞๙ੱۀࡱ่ density function টᇗྍࡆಃჰЧ֥ੱۀҩ؇.
,ಖᆃဢ࠻ ໡ૌିڎᆰࢤՖ၂۱ྍ֥ prob space (B,FB,P(· | B)) ԛؿ, টקၬ่ੱۀࡱ଻? ᆃࣼ൞

Kolmogorov :ၬק֥

Def 2.4 (Kolmogorov definition of conditional probability)

♣

ؓႿ۳֥ק prob space (Ω,F ,P), ഡ G ⊆ F ൞၂۱ sub-σ-algebra. ؓႿ event A ∈ F , ੱۀࡱ่

P(A | G) ൞၂۱ G-measurable ֥ෛࠏэਈ, ఃડቀؓႿ಩ၩ G ∈ G, Ⴕ:∫
G
P(A | G) dP = P(A ∩G)

ཁಖ, ֒ P(B) > 0 ൈ, ᆃ۱קၬބ໡ૌᆭభ֥קၬ൞֥֩ࡎ.
ᆃ۱ random variable P(A | G) ᄝ P-a.s. ၩၬ༯൞ື၂֥.

Remark ੱۀࡱ่ P(A | G) ᆃ۱ҩ؇൞ P(A∩ ·) ᆃ۱ҩ؇ཌྷؓႿМࣟҩ؇ P ᄝሰྐ༏ੀ G ༯֥ Radon-
Nikodym derivative, ္ࣼ൞၂۱ૡ؇ݦඔ.
ᆃ۱קၬ৚ીႵᆷૼ, ၂۱ק۳ event B ∈ F , ೂޅಀಒק G ၛࠣ P(A | G). ෙಖᆃ൞၂۱Ԏའ֥թᄝྟ

& ື၂ྟקၬ, ֌൞ѓሙ֥ቓم൞:
ुཟӁള B ֥ random variable X , ࠧ B = {X = x}, ਷ G = σ(X), ࠧႮ random variable X ളӮ֥

σ-algebra. ᆃ۱ σ-algebra Їݣਔ෮ႵܱႿ X ॖି౼ᆴ֥ྐ༏.
ಖ࠻ P(A | σ(X)) ൞ܱႿ σ(X) ॖҩ֥, ପહ෱၂ॖקၛཿӮ h(X) ֥ྙൔ. ๙ؓݖ X ֥෮Ⴕॖି

౼ᆴٳࠒྛࣉ, ໡ૌಒקਔݦඔ h(·) ֥ᆜุྙ෿, ᆃൈ໡ૌקၬ P (A | X = x) ඔݦູ h ᄝׄ x ԩ

֥ᆴ.
P(A | G) ൌࣼ࠽൞่ࡱ௹ຬ E[IA | G]. ֒ P(B) > 0 ൈ, ෱ࣼ๼קׅࣜ߭߄ၬ P(A∩B)

P(B) .
Remark Further issue: Borel-Kolmogorov paradox.
ࠧь൞ᆃ۱קၬ, ္߶ԛགྷ໙ี.
ࡱ၂۱൙ק۳ B, ೂݔ P(B) = 0, ᄵ P(A | B) ֥౼ᆴ౼थႿ໡ૌࡼ B ళೆ֞ଧ၂۱ෛࠏэਈ X ᇏ. ҂

๝֥ෛࠏэਈ X,Y ࠧ൐ି׻Ӂളཌྷ๝֥൙ࡱ {X = x} = {Y = y} = B, ෱ૌളӮ֥ሰ σ-սඔ σ(X) ބ

σ(Y ) ಏ҂๝, ֝ᇁቋᇔಒੱۀࡱ่֥ק hX(x) 6= hY (y).
ູਔࢳथᆃ۱໙ี, ॖၛႄೆ۷ࣚ༥֥ܒࢲ, бೂඪ regular conditional probability, ၛࠣ disintegration the-
orem. ҂ݖՎԩ҂ᅚषਔ.
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2.3 independence

2.3 independence

Def 2.5 (independence of events)

♣

ؓႿ prob space (Ω,F ,P), ਆ۱ events A,B ∈ F ೂݔႵ

P(A ∩B) = P(A) · P(B)

ᄵӫ A ބ B ൞ independent ֥.
ࡆ۷ generally, ؓႿ಩ၩ collection of events {Ai}i∈I , ೂؓݔႿ಩ၩႵཋሰࠢ J ⊆ I , Ⴕ

P

⋂
j∈J

Aj

 =
∏
j∈J

P(Aj)

ᄵӫ {Ai}i∈I ൞ mutually independent ֥.

Remark ۴ऌ่ק֥ੱۀࡱၬ, ಸၞ֤ԛ: ਆ۱ events A,B independent Ⴟࡎၬ֩ק֥ P(A | B) = P(A),
ࠧ൙ࡱ B ࡱ҂႕ཙ൙ڎളაؿ֥ A .ੱۀള֥ؿ
:ࡱ۱൙؟෱๷ܼ֞ࡼ ࠧ಩ၩ၂۱൙ؿ֥ࡱളა׻ڎ҂႕ཙః෰൙ؿࡱള֥ੱۀ.

Proposition 2.2

♠ೂݔ events A ބ B independent, ᄵ A ބ Bc ္൞ independent ֥.

Proof
P (Ac ∩Bc) = P ((A ∪B)c) = 1− P(A ∪B) = 1− P(A)− P(B) + P(A ∩B)

= 1− P(A)− P(B) + P(A) · P(B) = (1− P(A))(1− P(B))

= P (Ac) · P (Bc)

Example 2.7 (Pairwise Independence vs. Mutual Independence)
၂ቆ൙ࡱ A1, A2, . . . ∈ F ೂݔ൞ mutually independent ֥, ᄵ෱ૌਆਆ independent. ֌൞ّݖট҂Ӯ৫.
ࠧ: ࠧьؓႿ಩ၩ i 6= j, Ⴕ P(Ai ∩ Aj) = P(Ai)P(Aj), ္ѩ҂ၩ໅ሢᆃུ൙ࡱ൞ mutually independent
֥.
༯૫ູ၂۱ counterexample: ॉ੮ᆿਆ۱ᷓሰ. ਷൙ࡱ

A := {first roll is 4}, B := {second roll is 3}, C := {the sum of the two outcomes is 7}

໡ૌؿགྷ: P(A ∩ B ∩ C) = 1
36 6= P(A)P(B)P(C) = 1

63
, ၹط A,B,C ѩ҂ mutually independent. ಖط,

However, P(A ∩B) = 1
36 = P(A)P(B),P(A ∩ C) = 1

36 = P(A)P(C) and P(B ∩ C) = 1
36 = P(B)P(C), ၹ

෱ૌਆਆط pairwise independent.
Remark ᆃ۱ّ২ିܔӮ֥ۿ৘Ⴎ൞: ൙ࡱ C (ሹބ) ބ ൙ࡱ A (ֻ၂۱ᷓሰ) ၛࠣ൙ࡱ B (۱ᷓሰؽֻ)
,৫֥׿൞׻љٳ ၹູᆩ֡ਔఃᇏ၂۱ѩ҂߶႕ཙਸ਼၂۱֥ੱۀ. ֌൞, ၂֊໡ૌᆩ֡ਔ A ބ B ֥ᆴ,
ପહ C ֥ᆴࣼФປಆಒקਔ (ၹູሹࣼބ൞ਆ۱ᷓሰ֥ބ). ၹط, ೘۱൙ࡱѩ҂ mutually independent.
(ᇿၩ: ೂݔ C ൙ࡱ҂൞ູބ 7 ൞၂۱ཬႿط 7 ֥ඔ, ପࣼ҂൞ਔ, ၹູೂݔ໡ૌᆩֻ֡၂Ց൞ 6, ପહ

҂ॖି൞ࣼބ 6, ପહ္ࣼാಀਔ pairwise independence).
ᆃ۱২ሰඪૼਔ, mutual independence ൞၂۱бࡱ఼่֥ࢠ. ໡ૌॖၛϜᆃ೘۱൙ुࡱቔ൞ؓࡗॢݔࢲ

֥ჿඏ:
ਆ۱ᷓሰ֥ࡗॢݔࢲႵ 36 ۱ׄ.
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A ൞၂่ཌ (6 ۱ׄ), B ൞ਸ਼၂่ཌ (6 ۱ׄ), C ൞၂่ؓ࢘ཌ (6 ۱ׄ)b
ਆਆ׿৫: ၩ໅ሢ಩ၩਆ่ཌཌྷ֥ׄࢌඔ, ఞੱۀކژݺӰࠒ.
ཌྷ׿޺৫: ေ౰ᆃ೘่ཌࢌႿ၂֥ׄކژ္ੱۀӰࠒ.

ᆃ۱২ሰิྜ໡ૌ: .ֆo݂ବp֥ྟᇉࡥ৫ྟ҂൞၂ᇕॖၛႮ֮ົཟۚົ׿ ၂۱༢๤ॖၛअ҆ࢳᯒ

čਆਆ׿৫, ֌ᄝಆअԄ؇ഈಏթᄝ఼ᯒކ. ሹᆭ mutual independence ൞၂۱ࡱ఼่֥ޓ.
Example 2.8 (coin tossing)
,ഡ໡ૌႵ၂઻҂नᄋ֥႗лࡌ ᆿԛᆞ૫֥ੱۀ൞ p ∈ [0, 1], ّ૫֥ੱۀ൞ 1− p. ໡ૌ҂؎ֹᆿᆃ઻႗

л, ᆰֻ֞၂Ցᆿԛᆞ૫ູᆸ, ѩ࠺੣෮ླ֥ᆿлՑඔ. ౰: ᆿлՑඔູఅඔ֥ੱۀ൞؟ഒ?
Sol. ؓႿ಩ၩ i ∈ N, ॉ੮൙ࡱ Ai = { ᆿлՑඔູ i}.

P (∪∞
n=1A2n−1) =

∞∑
n=1

P (A2n−1) =

∞∑
n=1

(1− p)2n−2p = p

∞∑
n=1

(
(1− p)2

)n−1
= p · 1

1− (1− p)2
=

1

2− p

Remark ᆃ۱໙ีॖߎၛ๙ݖ law of total probability টࢳथ.
਷ E = ᆿлՑඔູఅඔ. ପહ

P(E) = P(head) · P(E | head) + P(tail) · P(E | tail)

= p · 1 + (1− p) · (1− P(E))

Solve ᆃ۱ equation ֤֞๝ဢݔࢲ.
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