Lec 2 Probability space intro

2.1 probability space

U000 O0OL measure theory, LI, [ notes on measure theory.

Def 2.1 (prob space, prob measure, sample space, event space)

00O probability space (1[I measure space (2, F,P), OO P(0) = 0,P(Q2) = 1.

OO0, measure P, L1110 probability measure ([1 e[, C1C10]).

O, Q O0Oentd sample space (1Y I]); LI, o-algebra F, 11611 event space ([
o).

OO0 AcQUOUO0OOevent, 00000000 A € F, O measurable event. (11, event []
L O OO L measurable event.

[ )

U OO0 measure space, 2 U:
o O set ), [ o-algebra OO O N OOMO, OO, O closed under countable unions and
complements. (L1 closed under finite unions, [1[1&[11[] algebra.)
o [0 Borel algebra (112 (1 topological space (1, o-algebra, (1 all open sets [1Y. ([10: closed
under countable unions and complements.) R, Borel algebra (11 all open intervals (1Y
o [0 measure on a measurable space (2, F) OOOOO F — R, OO, OO countable additivity.
o measure, [1[1: (1)non-negativity, (2) monotonicity, (3) countable subadditivity, (4) inclusion-exclusion
principle (C11C100), (5) continuity from below and above. . (5) LIL1[]: For measurable sets
A C Ay C--- C A, T, then lim,, o P(Ay) = P(U,2 | An).
For measurable sets A; D A D -+ D A, D -+, then lim,, 0o P(Ay) = P((,2 An).
[0 discrete, prob space (1, Oy O F =29 0 Q, OOOOOOOO event.
OOdn, OOOOd: OO experiment, CIOO0, OO, OO, OOOOO0O, I,

O ={w|wOOO experiment, OO, OO}
Pw)= 00w, OOO

Example 2.1 (dice roll) 0000006 0, OO, 000UYO0Q = {1,2,3,4,5,6}. 0000, OO

OA={1,2}. 000000000, (OOO00C0 OO0, ), OOOOA, OO0

P(A) = Number of favorable outcomes _ @ _ 2
Total number of outcomes ] 6

L OO0 measure-based, 2 L, O LTI L follows from countable additivity of P.

Example 22 00000 O0O0O60 0O0O,0 O000q O OOO0OO OO0 OO

Sol. YOO N =1{1,2,3,4,5,6}3. event: F = {w € Q| w3 = w1 +wa}.

L1000 event [ 15 [ elements:
E = {(17172)7(17273))(17374)7"' 7(271)3)5 (27274)7” : 7(35154)7"' 5(47175)7” : 7(57156)}




2.2 conditional probability

oo, 0od:
_@_ 15 5

PO =10 =26~

o

Example 2.3 OOOOOO 12:00° 1:00 OOO0O. OOOOOOOO0, OoOoOod . O: dOmo,

O#0 OoOoaoilood oo.
Sol. Sample space
Q={(z,y):0<x<60,0<y <60} =][0,60] x [0,60]

Oooodd, oo
E={(a,y) € Q: |e —y| <10}

OO00OqgOoo:

Dooon
m(E) 3600 — 2500 11

m(Q) 3600 36

2.2 conditional probability

Def 2.2 (conditional probability)

OO probability space (2, F,P), Op OO event B € F, OO P(B) > 0, DO O conditional
probability of an event A € F given B [1:

MAHﬂ:g%%@

Proposition 2.1 (decomposing probability of intersection of events)

O (As);ey OO0 seq of events, OO0 n € N:
P(AlﬂAzﬂ...ﬂAn) :]P(A]_)']P)(AQ | Al)P(Ag | AlﬂAg)P(An | Alﬂ...ﬂAn_l)

[ )

Proof Naturally follows from the def.



2.2 conditional probability

2.2.1 Law of total probability and Bayes’ Theorem

Theorem 2.1 (law of total probability)

O (A;);ey OO0 seq of pairwise disjoint events, [101 L2, A; = Q, OO O OO event £ C €

P(E) = ZP (A)P(E | A;)

Proof

P(E)=P(ENUZ4;) =P(UZ,ENA;) = iIP’ (ENA;) = iP(AZ-) P(E | A;)
i=1 i=1

Remark P(A)P(E | A;) O O P(En4;), 0000 A, 00000, E, measure. [10J disjoint union
OOO00O £, OO measure.

Theorem 2.2 (Bayes theorem)
If A, B C Q such that P(B) # 0, then

P(A) - P(B | A)

P4 B) = ==

Remark 000000 0OWOO, OO, 00 P(A)P(B | A) = P(AN B).

OO0 OOoOo, 00000 Ooood ooooooooooo, ooog,oooo, © OO
oo good.

Example 2.4 (Medical testing)

Oooooo, 0oooooooooodddms,. Ood o.o01. DOAODD D Ned, OOOO
U: OpUldbn clyUd, O0O@O@OOOOO) 0099 OpUdll, ey dd, OO @O4d
) Oo0.02. OOOOOHOOO, DHeyOd. OO0OOOOOOOOKW OOOOO? OO
Sol. [ law of total probability, [1LI[]

P(positive) = P(positive | sick)P(sick)+P(positive | healthy)P(healthy) = 0.99-0.001+0.02-0.999 = 0.02097

o
0.99 - 0.001

P(sick | positive) = 002097~ 0.047

Example 2.5 (Monty Hall problem)
O00s0000000, 000000 000000008, 0000000000, OOooood
O, e0001 00, 0000000 00OOO, 60003 00, 0000000, OOOO OO
OYy20007. Oooodoo?

Sol. 0A; all:car ¢ OO00; BOONM: O O0O03 00, OOOO, OOOOOO B OO

000, A, OOO,O0P(A | B). O, OOO:
P(Az) - P(B | Az)




2.2 conditional probability

o0, 0ogoo,

OO0000OywOoOO, 00, 00dodpOd, - 001 0202 000, oMo
100000, 00000, OoOdoooooo, Opd /20000070000y goooo,
OO, OoOos<00o,

U, gooono, oo, dyguaoooo, od.
o ¥#0O0: winiff OO ODOOOOS, DOOOO 1/3.
o U winiff DOOOOO, OOO, 00000 2/3.
ooon, oooo:
o NSO 200 Oy OO OOOOOOO 3 OO.
o NOSO 1 00 Oy D0DODODOOOOO2 0O 3 0000000 O0
oo, Oygoo3 oy, oogo, F3gooygo, »ogoor oy ooog2go. go
U4, dUddoon python Yy LI

random

monty_hall_sim(trials=10000) :
stay_wins = 0

switch _wins = 0

_ (trials):

# 1. QUOO: oOwO, 08D
doors = [0, 0, O]

car_position = random.randint (0, 2)

doors[car_position] = 1

2. 000Q OO

player_choice = random.randint(0, 2)

# 3. OF00000oOoO O
» Oy O0#FO000O00O Od0#ExO0008, O
possible_host_doors = [
i i (3)
i != player_choice doors[i] ==
]

host_opens = random.choice(possible_host_doors)

# 4. OO0 #0000

doors [player_choice] == 1:

stay_wins += 1

# 5. OO0
#» OO0 OO0gOxO000d0O#FO0¢ OO0 OO
remaining_door = [

i i (€))




2.2 conditional probability

i != player_choice i != host_opens

1[o]

doors [remaining door] == 1:

switch_wins += 1

"0 : {trialst")

E"OFFOOOOO: {stay_wins} ([JO: {stay_wins/trials:.2%})")

E'OO0000E 0 : {switch_wins} (LJ[: {switch_wins/trials:.2%})")
__name__ == "_ main__":

monty_hall_ sim()

Listing 2.1: Monty Hall problem simulation

oo

OOOdod: 10000
O FOO0000: 3312 (C100: 33.12%)

OOOOOmnO: eess (L1O: 66.88%)

Listing 2.2: Monty Hall problem simulation result

Example 2.6 (Wizards)
O00O0 A0 B OOOO, DOOOOOOO. OO A0DOddd B, DEID]P’(A):%,DEIDB
OOodOooD A, DDD]P’(B):%DDADDD. 0. 00A00 ooood?

Sol. DOOODOO (DOOOOOOOO, D000 QUIMO. DDOOUOULDoOoO, yd, O
W, OO0 AQO0; wep OOO: B OO, OOOO0OOOOOOO. OOOOOoOdo, ogo

P (W) = B(0it)B (W | hit) + B(miss)P (W, | miss) = £ + P (W)

2
2 1
P (Wp) = P(hit)P (Wp | hit) + P(miss)P (Wp | miss) = 3 + §P (W3)

Solving the system, we find P (W4) = 0.6.

o000 O0O00oOoodod. beodonodon, oooog,
od, oooodnd, 40, 0o0r0On, dooogooooooo, dogddo, goo, ggdd
Ooooooo.

2.2.2 Kolmogorov definition of conditional probability

OO0OO0OPA| B) = Pﬁgf’) i?0q, conditional probability (11111, (I enforce P(B) > 0.
O0O,0 PB)=00#k0p000d0ddn? 00O0O000O00OO: DR DOOOOOO |, O:
O OOooOoooo, OO0 00, 0o0doo. 0O, 0000d o oooood,ood O
OO0 , 0001, 000 Ol 0000,000PB)=0, 000, 00000p0PA| B).
OO0 pddd, dgooon: O0OoOoOddd,  conditional probability, 1O, 0

[, probability space:




2.3 independence

Def 2.3 (conditional probability space and trace o-algebra)

OO0, prob space (2, F,P), Op OO event B € F O P(B) > 0, D020 conditional proba-
bility space as the triplet (B, Fz,P(- | B)), OO:

Fp 2={AﬂB|A€F}

DS trace o-algebra on B.
U, 0dd triplet L1 0 prob space.

&

Remark " OOFR OO prob space 0 event B 0, WO OO OO OO Radon-Nikodym derivative |
KO.
pOf = H}(—B OOOOO0d event A € Fg, O:

B)
IP’(A]B)_/AdeP’

OO000, OOood, 00000000 density function OO O0O0OYW, DN,
O0O0O0, dO00OgOooOdodgn,  prob space (B, Fp,P(- | B)) qO, DpOOOoodo? OOO
Kolmogorov, pPLI:

Def 2.4 (Kolmogorov definition of conditional probability)

OO0, prob space (2, F,P), 0 G C F OO sub-o-algebra. (10 event A € F, OO0
P(A | G) OO0 G-measurable, OOa=20, OO0OOOOOG € G, O:

/]P’(A]g)d]P’:IF’(AﬂG)
G

00,7 P(B)>00,00p000000, pOd 0O,
000 random variable P(A | G) O P-a.s. OOOOOO,

&

Remark OO0 P(A | §) 0HeOOPAN:) DDeO0000MOeOPOO0000G O, Radon-
Nikodym derivative, (10110 O I CICI0.
O0pO0000O, OpO0event Be F, 0000 ¢ OO PA | §). OOOOOO0TO, OOO
& O00p0, 00F0, O00:
o OO B, random variable X, (0 B = {X =z}, 0 G = ¢(X), OO random variable X (1Y,
o-algebra. (10 g-algebra TO OO OOO X OOOO OO.
s OOPA|o(X)) D00 e(X) e ,0000p000YA(X), O0O.000X, OOO0
OO00000, 000p000R(:), D000, 0000p0OPA|X=2)000r0 20
L.

o P(A|G) DODOOODDE, |6l P(B)>00,000000, pO %E2

Remark Further issue: Borel-Kolmogorov paradox.

Os0O00p0O, 00gOonon.

Op0O000 B, 0O0PB)=0,0P(A| B), DOOOODOOOBOL OOO0O0O=20 X 0. #
0 OOs0X,YOOOXKOOO O0{X=z}={Y=y}=B000¥ O¢0O0¢X)O
o(Y)O#0O, 000O0p, OO0OO hx(z) # hy(y).

OO0Oo0o00od,000dodn, OO, 600 regular conditional probability, [ disintegration the-
orem. OO OFOOO.



2.3 independence

2.3 independence

Def 2.5 (independence of events)

0 prob space (22, F,P), O events A, B € F O
P(AN B) = P(A) - P(B)

[1& A [ B [ independent
OO generally, (00O collection of events {A; },c;, DO OOOOOOO0OO JC I, O

P| (4| =]]P@)
jeJ jed

06 {A;}ier O mutually independent

&

000000 0,00 q: OO events A, Bindependent, 20 OO P(A | B) = P(A),
00O B, ODOOOXFkOOOOADO OO.
o o o o o o A

Proposition 2.2

11 events A [ B independent, [1 A [1 B¢ [J[] independent .

P(A°NB°)=P((AUB))=1-P(AUB)=1—-P(A) —P(B)+P(AN B)
=1-P(A) —P(B)+P(A)-P(B)=(1-P(A))(1 —P(B))
=P (A°) - -P(B°
Example 2.7 (Pairwise Independence vs. Mutual Independence)

OOOd0O Ay, Ay, ... € F OO0 mutually independent, , (1110 independent. OO O¥#Y 0.
O: Ou0000¢ # 4, O P(A4; N A4)) = P(A;)P(A;), On# 00000000 mutually independent

U OO0 counterexample: LI LIOICICT. DO
A= {firstrollis 4}, B := {secondrollis3}, C := {the sum of the two outcomes is 7}

O000: PANBNC) = 55 # P(AP(B)P(C) = g, OO A, B,C t% mutually independent. (107,
However, P(AN B) = 4= = P(A)P(B),P(ANC) = 3z = P(A)P(C) and P(BN C) = 5z = P(B)P(C), O
OO OO pairwise independent.

OO00O00O0yO OO0 00c(@oOOddA( 0000 0000 B( OOO0)
OpO0000, ,000 O0000w#000000 00 00, 00000 O0AO0B, O,
OO0 ¢, DOeO00pO(OOO0O0O000000 0O). OO, 0000k mutually independent.
(O0: OO0 cOO#£0007 0000007, O, 00400, 0000000 . OdOde, 00
OO# 000 6, DOOOOOO pairwise independence).

OO OO OO0, mutual independence OO O6 00, OO, ODOOFROOOOOOOOOOOOO
C10d:

o OO, OOOOm36 OO



2.3 independence

o ADDOOO (GO H),BOOOOO (O ),cOoOooodoeod Hb

o NOOO: DOOOODOOOOO, O, 000000Y0.

o IOOO: DOOOOOOOO , DOoOoooyo.
O0oooooO: DOO0¥£000000 O0ddddo00p, OO DOO0OoQdDr OO
cUOonod, dooO00000O0On. OO mutual independence OO, .
Example 2.8 (coin tossing)
O000000O«*#£00, On, 000, Oddpelo, 1], 00, OOO1—-p OO¥0O OOOO
N, 0 . O00oOgOood,»wOodo, Ondo. O: Ondoood, oodom?
Sol. OOOO:e N, OOOOA; ={0OnNnO0O0 4}

00 0o - 00 . 1 1
P(UZO:1A2TL—1) = ;P(AQn—l) = 7;(1 _p)Qn 2p :p; ((1 _p)Q) ' =p- 1— (1 _p)g = 2 —p

OO0 O00d0 law of total probability [T L.
O F=0n00ddd. ad

P(E) = P(head) - P(E | head) + P(tail) - P(E | tail)
=p-1+(1-p) (1 -P(E))
Solve (101 equation, ~ IO,
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