
Lec 3 random variables

Def 3.1 (random variable)

♣

ؓႿ probability space (Ω,F ,P), ၂۱ random variable ൞၂۱ Borel measurable function X : Ω →
R.

Remark ܤ߭ measurable function :ၬק֥ ࠧؓႿ಩ၩ Borel set B ⊂ R, Ⴕ X−1(B) ∈ F . ২ೂ: X(ω) =

ω2 ൞၂۱ measurable function, ၹູؓႿ಩ၩ Borel set B ⊂ R, Ⴕ X−1(B) = {ω ∈ Ω|ω2 ∈ B} ∈ F .

Proposition 3.1

♠

Prob space (Ω,F ,P) ഈ֥ random variables X1, X2, . . . , Xk : Ω → R, ಩౼ Borel measurable function
g : Rk → R,

X : Ω → R

ω 7→ g(X1(ω), X2(ω), . . . , Xk(ω))

္൞၂۱ random variable.

Proof ໡ૌᄝ measure theory ᇏᆣૼݖ: ؓႿ಩ၩ֥ finite seq of Borel measureable functions (fi : Ω →
R)ki=1, ః۲ቔູ၂۱ົ؇ቆӮ֥ݦඔ f = (f1, · · · , fk) ္൞၂۱ Borel measurable function (from Ω ֞

Rk).
ᆃ৚֥ط X ࣼ൞ g ◦ f , ൞ਆ۱ Borel measurable function ֥ composition, ၹ္ط൞၂۱ Borel measurable
function (ࠧ random variable).

3.1 distributions

Def 3.2 (probability distribution)

♣

ؓႿ random variable X : Ω → R, ః probability distribution ൞ X ᆃ۱ measurable function ؓႿ

probability measure P ֥ pushforward measure, ቔ࠺ PX . ࠧؓႿ಩ၩ Borel set B ⊂ R, Ⴕ

PX(B) = P (X−1(B))
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